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I. INTRODUCTION 
A. Motivation and Purpose 
Isotopes of zirconium, niobium, and molybdenum are of 
interest in nuclear physics because of the appreciable 
possibilities for comparing experimental results with those 
of theory. 
The shell model of Mayer and Jensen (1) accounts remark­
ably well for properties of those nuclides whose proton and 
neutron numbers are "near" (within one or two) the magic shell-
closing numbers. For nuclides farther from these magic 
numbers, the theory must be modified to include the effects 
of interactions (between themselves) of nucléons in un­
filled shells. The eigenstates of the total Hamiltonian 
for these nucléons become less pure shell model states as 
the number of such nucléons (in unfilled shells) increases. 
It is desirable to have considerable amounts of nuclear 
data about nuclides several nucléons away from closed shells 
to gain information about these interactions in the unfilled 
shells, or to compare existing empirical and theoretical 
modifications of the theory with new experimental data (or 
both) . 
Zirconium-90 has received considerable attention because 
its 50 neutrons complete a major shell closure and its 40 
protons fill a minor shell (see Figure 2 8). Nuclides near 
90 %r' have also been of interest since they crive information 
90 
about interactions of nucléons outside the Zr" "core". 
The purpose of this work was to increase the available 
information about the radioactive decays of the nuclides 
97 97 
Zr and Mb" , and hence to improve the precision in our 
q 7 97 
knowledge of the nuclear level schemes of Nb' and Mo 
for cr>mpnriso?i wi hh the predi ctions of theory. 
R. Literature Survey 
Zirconium-97 seems to have been first discovered about 
19 40 (2), though its 17 h half-li^e was erroneously assigned 
9 S 9 S 
to Zr • , and its 1 h daughter to Nb' " (3). (At that time 
niobium was called "columbium", with the symbol "Cb".) It 
was the subject of several investigations (2, 3, 4) through 
the 1940's. In 1950 Burqus et al. did a detailed study (5) 
and established the major features of the decays, including 
97 the existence of a 60 s isomeric state in Nb" ; they measured 
Qg (the total disintegration energy available in beta decay) 
and some internal conversion coefficients with a magnetic 
beta-ray spectrometer. Through the 1950's papers were 
published by several authors (6, 7, S, 9), as instrumentation 
advances made more detailed gamma-ray studies possible. 
Discrepancies in some of these papers were alleviated, if not 
completely removed, by the paper of Sorokin et al. in 1962 
(10), which was the most recent published research known to 
3 
the present author at the beginning of the present work. 
While this work was in progress an abstract (11) of 
the thesis of Riehl (12) appeared. A preliminary report 
of the present work was given (13) on October 23, 1967. 
Since that report, two others were given by Megli et al., 
(14, 15) and very recently two articles were published by 
Siivola and Graeffe (16) and by Graeffe and Siivola (17) 
97 97 
on the decays of Zr" and Nb 
A 
II. INSTRUMKNTATION 
A. Henernl Approach 
This investigation employed standard experimental methods 
and techniques of nuclear spectroscopy. The term "spectro­
scopy" implies, correctly, that most of the measurements 
determine the energies and intensities of various radiations 
emitted by nuclei. In addition, information was gained 
about time relationships of some radiations. 
The dominant technique of the nuclear spectroscopy in 
this research was pulse-height analysis, the electronic 
sorting and counting of electrical pulses which originated 
when the radiation being studied interacted with a detector 
of some kind. 
The principal piece of laboratory apparatus involved 
in this technique (aside from the energy-sensitive radiation 
detector) is the multi-channel pulse-height analyzer 
(abbreviated in the remainder of this dissertation as "pha"). 
Such a device accepts an electrical pulse, converts the 
analog pulse amplitude to digital form, and stores the in­
formation (i.e., one "count") in a "channel", or scaler in a 
memory bank similar to those used in digital computers. The 
output of a pha is essentially a graph of discrete points 
(channels), in which the contents (number of counts) of the 
channels are plotted versus the linearly increasing channel 
5 
number. Channel number usually is linearly related to the 
energy of the radiation being studied, and the number of 
counts in a channel is proportional to the intensity of the 
radiation. Thus the graphical pha output is an energy 
spectrum of the radiation being studied. More complicated 
multiparameter analyzers are available to digitize more 
than one pulse simultaneously. 
Pulse-height analysis has become capable of high pre­
cision due to technological advances in radiation detector 
systems and multichannel analyzers. One can measure gamma-ray 
energies routinely to within 1 keV, and with care accuracies 
of .1 keV or so are obtained. The state of the art at this 
writing is energy-value accuracies of a few hundredths 
of a keV at energies up to about 3 MeV. 
B. Description of a Typical Nuclear 
Spectroscopy System 
A generalized block diagram of a nuclear physics pulse-
height analysis experiment is shown in Figure 1. The system 
components are a radiation source, one or more nuclear radia­
tion detectors, a linear amplification system, a logical 
analysis system, scalers, and one or more multichannel or 
multiparameter analyzers. 
The detectors determine basically what radiations will 
be measured and set a limit on the precision or resolution 
which can be attained. Commonly used detectors include gas 
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Figure 1. Block diagram of a generalized pulse-height 
analysis experiment 
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filled proportional counters, for photons below about 100 keV 
and charged particles, scintillation detectors, and the fairly 
recently developed semiconductor detectors. The detectors 
used in this investigation were mainly scintillation detectors 
and semiconductor detectors. 
A scintillation detector is essentially a substance 
which emits a brief flash of light when excited by a radiation 
particle or photon. The most commonly used materials are 
inorganic (e.g., thallium-activated sodium iodide -
Nal (Tl)) and organic (plastics, anthracene, stilbene) crystals. 
These materials are enclosed in light-tight containers and 
optically coupled to light detectors, normally photomultiplier 
tubes. The amount of light emitted by the scintillator is very 
nearly proportional to the energy lost by the radiation which 
was detected. The photomultiplier output, therefore, is a 
voltage pulse whose amplitude is proportional to the energy 
of the incident radiation. Statistical fluctuations in the 
number of photons created in the scintillator by the radiation, 
in the number of these photons transmitted to the phototube, 
and in the photoelectric detection of these photons at the 
photocathode of the phototube limit the resolution attain­
able with scintillators. Resolution of about 8% at 1 MeV 
((full-width-at-half-maximum)/(peak energy)) is typical for a 
3" by 3" cylindrical Nal detector. 
Semiconductor detectors are pieces of semiconductor 
8 
material across which electric fields (of the order of 100 V/mm) 
are applied. The semiconductor must have the high resistivity 
of essentially intrinsic material to prevent these fields 
from causing currents (which degrade resolution). Because 
present technology cannot produce truly intrinsic materials, 
detectors are made by drifting lithium ions through slightly 
doped materials; the ions compensate the impurities, 
producing effectively intrinsic semiconductors. Incident 
radiation "ionizes" (excites valence band electrons into 
the conduction band) some atoms in the semiconductor lattice, 
and the resulting free electrons (and their mobile positively 
charged vacancies) are swept away by the electric field 
and may be detected as an electrical pulse whose amplitude is 
proportional to the number of electrons and hence the energy 
of the incident radiation. The average energy required to 
create an electron-hole pair is about 3 - 4 eV (IS) ' (=e^) , 
compared to about 500 eV (se^) for an average photoelectron at 
the cathode of a scintillator's photomultiplier (19). The 
corresponding numbers of electron-hole pairs and photo-
electrons produced by a nuclear particle of energy E are then 
just and K/e^. Since the statistical fluctuations in 
these numbers are roughly proportional to the square roots 
of the numbers (19), the resolution of semiconductor detectors 
is at least an order of magnitude higher than that of 
scintillators. 
Q 
The disadvantages of semiconductor detectors are their 
low intrinsic efficiency, fabrication difficulties limiting 
their physical size and shape, and the necessity for operating 
them at reduced temperatures (to prevent thermal excitation 
of electrons into the conduction band). Scintillation 
detectors, on the other hand, can have high efficiency, are 
fabricated relatively easily, and need no cooling. 
For both kinds of detectors the use of high atomic number 
(Z) materials is advantageous for gamma-ray detection (the 
cross-section for the photoelectric effect - the kind of 
interaction most likely to lead to complete absorption of 
5 
a gamma ray - goes as Z ); salts of iodine (most commonly, 
Nal) provide hi^h-X scintillators, and germanium is used 
for semiconductor detectors (principally because no satis­
factory semiconductors of higher 7, have been found) . To detect 
electrons, and to minimize response to gamma radiation, low-Z 
materials are employed - plastics, for scintillators, and 
silicon for semiconductor detectors. 
The signal from the detector is usually fed to a pre­
amplifier, the first stage in the amplification process. The 
preamplifier is essentially a physically compact booster for 
the signal servina the following purposes (20) : i) the energy 
information from the detector is usually contained in the 
electrical charge produced by an event; to optimize the signal-
to-noise ratio it is desirable to collect this charge on the 
smallest practical capacitance - usually the stray capacitance 
associated with wires and connectors. It would be mechanically 
difficult to attach a (large and bulky) "main" pulse amplifier 
directly to most detectors, and such an attachment by means 
of an electrical cable would increase the collection capa­
citance intolerably. The preamplifier, located close to the 
detector, fixes the signal-to-noise ratio at the highest value, 
and permits the main amplifier to be physically distant from 
the detector. ii) Pulse amplifiers are expensive, and since 
the input circuit of an amplification system is usually 
specialized to a particular detector type, various pre­
amplifiers allow the economy of using a main amplifier for a 
variety of applications as needed. 
The preamplifier,signal is fed to a "main" pulse ampli­
fier, which further amplifies and sliapos the pulses. Pulse 
shaping operations are designed to extract the best possible 
signal-to-noise ratio by appropriate clipping (differentiating) 
to lessen the dependence o'' a pulse's height on remnants of 
signals from previous pulses, and averaging (integration) 
to reduce the effect of random electrical noise. After 
shaping, pulses typically have amplitudes of .from 1 to 10 
volts, and are about 2 microseconds long. 
The main amplifier may also be required to preserve 
time information for comparison of pulses in one detector 
with those in another. In general, good signal-to-noise 
ratio and precise timing information are conflicting require­
11 
ments, and a compromise must be made. 
The output pulses of a main amplifier are often fed 
directly to a pulse-height analyzer (pha). Another function 
exists, however, between amplification and analysis, though 
it is not usually explicitly specified. This is the "inter­
face" between the linear signal analysis (where pulse-height 
information is preserved) and the logical analysis (decision 
making). Some circuit must connect (or disconnect) the main 
amplifier from the pha according to the presence or absence 
of a logic signal. Usually called "linear gates", such 
devices are usually built into commercial pulse-height 
analyzers. 
There is a wide variety of nuclear instruments commer­
cially available to perform many logical functions. Common 
to almost all experiments is one or more coincidence circuits. 
Such a circuit decides whether or not two ( or more) signals 
"coincide" in time. The instruments are classified by the 
amount of "play" allowed by the circuit (i.e., according to 
the resolving time), Resolving times are usually adjustable 
(within limits) by the experimenter, and are chosen in the 
light of the purposes of a particular experiment. To guar­
antee that radiations in two separate detectors are truly 
coincident in time, "fast" resolving times in the range 
20 - 150 nsec are commonly used. When short nuclear level 
lifetimes are to be measured, instrumentation (such as has 
12 
been developed recently for high energy physics) having 
resolving times well under 10 nsec may be needed. When it 
is not necessary to measure precise timing, but only to 
determine if or when a proper sequence of logical events 
has occurred, "slow" coincidence circuits with resolving 
times up to several microseconds are used. 
The instruments which interface the linear amplifying 
system with the logical system usually decide if a given 
linear pulse does or does not exceed some specified amplitude 
(a discriminator), or if its amplitude does or does not fall 
within some fixed limits (single channel analyzer). Appro­
priate combination of the "yes" or "no" signals from these 
instruments with various coincidence circuits may be used 
to generate a "gate" signal to open or close a linear gate, 
and thus complete or terminate the analysis of a given nuclear 
event. 
The linear and logical analysis systems used in this 
investigation will be described in more detail where it is 
essential to the understanding of an experiment. 
13 
III. MEARURT^MENTR 
A. Sources 
9 7 Sources of Zr were produced by irradiating zirconium 
material in a thermal neutron facility in the Ames Laboratory 
Research Reactor for periods ranging from several minutes 
to about 15 hours in a neutron flux of from 1 to 4 times 
13 2 10 " n/cm /sec. Source strengths of the order of 10 
microcuries were normally used for experiments. 
For most experiments on gamma rays, source material 
was Grade 1 zirconium cut from a crystal bar - that is, 
high purity (at least 99.987%) Zr in natural isotopic 
94 96 
abundances (17.4% Zr and 2.8% Zr , the other Zr isotopes 
being stable or extremely long-lived after neutron capture). 
For some sources, the metal was converted to powdered 
oxide form, and in the spectra from these sources a slight 
contamination of 15 h Na^^ interfered somewhat at higher 
181 
energies. A slight Hf activity indicated the samples were 
not completely free from hafnium, which is chemically almost 
identical to zirconium. The Hf^^^ did not interfere 
appreciably with the Zr - Nb activities. In spectra taken 
immediately after an irradiation, 2 m Al^^, 5.5 h 
and 2 h Mn^^ were also observed. Radiations of 65 d Zr^^ 
and Nb^^ were evident, particularly after the Zr^^ had 
decayed for two or three half-lives. 
14 
While some sources for beta-ray and conversion electron 
experiments were made of the oxide powder described above, 
the highest resolution beta-ray experiments were performed 
96 
with sources made from Zr enriched in Zr' (to obtain 
hiqh specific activities for thin sources). This source 
material was obtained from the Stable Isotopes Division of Oak 
96 
Ridqe National Laboratory, and was enriched to 57.36% in Zr ? 
q n qi Q? 
it contained 9.19% Zr , 2.02% Zr , 27.20% Zr , and 4.22% 
9 4 
Zr' . Spectra from the first neutron activation of this 
material, however, revealed the presence of a substantial 
187 
amount of 2 4 h W , which apparently resulted from tunqsten 
in the source material. A spectroscopic analysis revealed 
essentially no (i.e., less than 30 parts per million) tungsten, 
but the "neutron activation analysis" was particularly sensi­
tive, since the ratio of W to Zr thermal neutron cross-sections 
Q 7 1R 7 (21) is 40/0.05, or about BOO. The ratio of Zr to W acti­
vities soon after activation was roughly four to one, which is 
consistent with an impurity concentration of about 30 ppm of 
tungsten. 
The presence of the W impurity caused considerable incon­
venience in chemical separations; additional chemistry steps^ 
decreased the specific activity and necessitated thicker sources 
than could have been made in the absence of the W impurity. 
The removal of the tungsten impurity and all chemical 
separations were performed by K. L. Malaby. 
B. Gamma-Ray Measuremonts 
1. Singles 
Gamma-ray singles spectra were taken with several Ge(Li) 
detectors including one of 12 cc with 5-keV MHM (full width 
at half maximum) resolution purchased from Nuclear Diodes, 
Inc., one of 6 cc with 2.5-keV MVHM bought from Technical 
Measurement Corporation (TMC) , one of 23.5 cc and 3-keV reso­
lution from Oak Ridge Technical Enterprises Corporation 
(ORTEC), and one of 17 cc and 3.5-keV resolution, also from 
ORTEC. Pulse amplification systems were composed of main 
amplifiers from Tennelec Instrument Co. (the TC-200) and 
Nuclear Data Corp. (the ND-524), and low-noise preamplifiers 
from ORTEC, Tennelec, TMC, and Nuclear Enterprises Co. On 
some occasions a Tennelec TC-250 biased amplifier was used 
between the TC-200 and pha. 
Singles spectra were analyzed on different occasions by 
a Victoreen Instrument Co. 1600-channel pulse-height analyzer 
(the "SCIPP"), a TMC 4096-channel multiparameter analyzer used 
as a one-parameter analyzer, a TMC model 1001 1024-channel 
analyzer, and a Nuclear Data model 2200 4096-channel analyzer. 
Analysis of most Ge(Li) spectra was facilitated by the 
use of a computer program (22) which automatically finds peaks 
(23) and performs a least-squares fit (see Appendix D) of a 
Gaussian function and a second degree background function to 
each peak. The program is a revision of an original work 
by Mariscotti (2 4) , and is described in Appendix A. 
16 
The computer program gave precise channel locations, 
values for the areas (relative intensities not corrected for 
energy-dependent detector efficiency) of the various peaks, 
and estimates for errors in these quantities. Using well-
known calibration sources such as Th^^^(25), Co^^(26), Yb^^^ 
56 (27) and Co (28), energies and relative intensities of 
gamma-ray transitions were determined. For higher precision 
in the final energy values, corrections were made for system 
nonlinearity. 
97 97 
A singles spectrum of Zr and Nb in radioactive 
equilibrium taken with the 6 cc TMC Ge(Li) detector appears 
in Figure 2. 
Additional spectra were taken at high amplication with the 
6 cc TMC detector to search for low energy transitions (between 
25 and 100 keV). One such spectrum is shown in Figure 3. 
Several peaks appear, though only the 111.7-keV peak has the 
correct half-life. While response at energies below 50 keV 
was not limited by noise, the detector efficiency falls quite 
rapidly in this region so that it is difficult to say if any 
lines ^  50 keV would have been seen. 
Spectra taken with a proportional counter (Reuter-Stokes 
2 
model RSG-30A, operated at 2100 V) showed Nb X rays (a Ig/cm 
Be absorber was used to block beta rays) but no other apprecia­
ble photon radiation below 25 keV. Any such photon radiation 
above 10 keV with an intensity greater than 1/3 of the X-
radiation intensity would have been observed. 
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2. Compton suppression measurements 
Gamma-ray singles spectra were also taken with a 
Compton suppression spectrometer^. The diagram of this 
instrument in Figure 4 shows its main features: a 23.5 
cc Ge{Li) detector surrounded by two specially fabricated (29) 
Nal(Tl) crystals, with appropriate lead shielding. Figure 5 
is a simplified block diagram of the electronics logic. 
When a gamma ray interacts in the Ge(Li) detector via the 
photoelectric effect, no "simultaneous" interaction occurs 
in either of the Nal detectors, and the linear gate re­
mains open, allowing the amplified pulse from the Ge(Li) 
detector to be stored in the pha. A Compton interaction 
in the Ge(Li) detector gives rise to a scattered gamma 
ray, however, which will probably be detected in one of the 
Nal crystals. The "OR" gate will then close the linear 
gate, and the Ge(Li) pulse will not be stored. The resulting 
pha spectrum should then show only photoelectric inter­
action events (or, more correctly, only events in which, 
by any series of processes, the total gamma-ray energy is 
deposited in the Ge (Li) detector), and gamma-ray peaks in the 
spectrum should stand out sharply with virtually no back­
ground. Practically, Compton events are not completely 
eliminated from the Ge(Li) spectrum because the Nal detectors 
The author is indebted to Dr. A. B. Tucker for the use 
of this apparatus. 
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Figure 5. Block diagram of electronics logic for Compton 
suppression experiment 
25 
are not perfectly efficient in detecting the Compton 
scattered radiation which strikes them, and because they 
do not entirely surround the Ge(Li) detector. The apparatus 
reduced the Compton distributions by a factor of about 1.5 
to 4, The reduction is energy dependent because the 
differential cross-section for Compton scattering { 30) has 
maxima at just those angles (relative to the Ge (Li) detector) 
which the Nal detectors do not subtend; the effect can be 
minimized by sliding the Ga( Li) detector "forward" or 
"backward" relative to the Nal detectors, depending on the 
energy region of interest. The response of the Ge (Li) 
detector to 662-keV gamma rays with and without Compton 
suppression (for identical geometry and counting time) is 
shown in Figure 6. 
Analysis of the Compton suppressed spectra was similar 
to that performed on the Ge(Li) singles spectra. 
97 97 Spectra of Zr and Nb in equilibrium taken with the 
Compton suppression spectrometer are shown in Figure 7 (low 
energy region) and Figure 8 (higher energy region). (The 
narrow peak at about 1265 keV in Figure 8 is an instrumental 
effect of unknown origin.) 
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97 3. Zr results 
Table 1 lists the gamma transitions and their relative 
intensities which were found from Ge(Li) singles and Compton 
suppression spectra. The errors given are approximate 
standard deviations, and were estimated from the spreads 
of the values of the energies and intensities found in 
several different runs, as well as from statistical un­
certainties determined while fitting curves to the data by 
least-squares. For most of the transitions, these results 
are in good agreement with those of Siivola and Graeffe (16). 
The only disagreement is with regard to a transition of 
182 keV ( intensity=0.05+.03) reported by them. It may 
correspond to the 176.9-keV transition reported here. 
Several lines not seen by Siivola and Graeffe appear in 
97  
Table 1 tentatively assigned to Zr' decay. They are all 
weak, and probably were visible because the resolution of 
the detectors available in this research was higher than 
that of Siivola and Graeffe. 
97 97 
Two energy regions of the Zr - Nb gamma-ray spectrum 
have been regarded with considerable suspicion in previous 
investigations. The multiplet nature of the line(s) at 
1022. keV was first seen by Nordhagen and Thomassen (9)., and 
that at 508-513 keV was inferred by Riehl (12), although he 
ascribed the effect to source impurities; neither region 
has been observed with high resolution. 
9 7 Table 1. Gamma rays in Zr decay 
3 (keV) 
This Work^ 
1 
Xi +
 1 
Siivola and 
E (keV) ± 
Graeffe 
I 
(16) 
+ 
111.7 .2 .10 .02 111.7 .7 .08 .02 
142 1 .014 .004 
176.9 . 4 .024 .004 
182 1 .05 .03 
219.0 .2 .21 .03 219.2 .7 .24 .05 
254.4 .1 1.4 .2 254.3 .7 1.3 .2 
272.4 .2 . 30 .05 272.4 .7 .3 .1 
294.9 .5 .10 .04 296 1 .1 .05 
330. 8 .4 . 18 .03 331 1 .1 .05 
355.4 . 1 2.2 .3 355.5 .6 2.4 .3 
400.4 . 3 .26 .04 401, 0 . 8 .3 . 1 
408.5 1 .08 . 03 
507.6 .2 5.4 .5 507.8 . 3 6.4 .8 
511 (?) . 5 .4 .2 
513.2 . 4 . 6 .2 513 2 =1 
602.4 .1 1.5 .2 602 . 4 .3 1.5 .2 
679 (?) 1 .05 .02 
690.7 .2 .21 .04 690.3 .4 .25 .05 
699 (?) 1 . 07 .03 
703.7 .3 1.1 .1 703.6 .3 1.2 .15 
743.2 .2 100. 743.2 .3 100 
780 (?) 1 .03 .01 
788 (?) 1 .04 .01 
804.4 .2 .73 .09 804 . 8 . 3 .84 . 1 
829.5 . 3 .28 .04 829.9 . 4 .31 . 1 
854. 5 .2 .35 . 06 854. 8 .3 .42 .06 
971.0 .3 . 30 .04 971.1 . 4 . 33 .06 
1021.2 . 3 1.2 .2 1021 2 = 1 
question mark indicates a transition tentatively assigned to Zr^^ decay. 
^Errors are estimated standard deviations. 
Table 1 (Continued) 
This Work^ Siivola and Graeffe (16) 
E(keV) +b I +b E(keV) + I + 
1110.7 .3 .15 .06 1109 1.5 .05 .03 
1147.8 .2 2.7 .3 1147.8 .3 3.0 .3 
1167 (?) 1 .02 .01 
1203 (?) 1 .03 .01 
1276.3 .2 1.0 .2 1275.8 .3 1.2 .2 
1298 (?) 1 .03 .01 
1362.2 .2 1.2 .1 1362.6 .3 1.2 .2 
1750.1 .2 1.2 .1 1749.9 .8 1.7 .2 
1851.1 .4 .29 .05 1851.8 .8 .5 .06 
U) 
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Sections of the highest resolution spectrum taken in 
this investigation appear in Figures 9 and 10. Figure 9 
97 
shows the 1021.2-keV peak of Zr decay and the 1024.5-
97 keV peak of Nb decay. The smooth curves are Gaussian 
functions fitted by least-squares. The areas under the 
two peaks are equal within a few percent. 
Figure 10 shows the 50 8-keV region. The data have 
been fitted with two and with three Gaussians; the peaks of 
lower intensity were constrained to have the same width 
(FWIIM) as the strong peak. Figure 11 shows data with 
resolution not quite as good but considerably better 
statistics. The evidence seems fairly convincing that 
there are actually three peaks present: 507.5, 511, and 
513.5 keV. 
Whether or not the 511-keV line represents a transition 
97 in Zr decay is another question. It is reasonably certain 
that the line follows the correct 17 h half-life. The 
problem, of course, is whether or not its intensity can 
be accounted for by assuming that it is annihilation radia­
tion; such radiation is produced when high energy gamma-
rays interact with materials near the source or detector 
via the pair production effect, and the positron thus 
produced subsequently annihilates. (A positron-emitting 
source impurity may also be responsible, though this is un­
likely because of half-life considerations.) This explanation 
3 4  
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Figure 9. (1021.2-1024.5)-keV doublet (approx. 0.50 
keV/channel) 
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Figure 11. 5in-keV region multiplet curve-fitting 
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runs into difficulty because there are few qamma rays in 
97 Zr decay with energies high enough to cause much pair 
production. Therefore, a tentative assignment of a 511-keV 
97 transition from the decay of %r' is made. 
97 
A precise determination of the half-life of Zr" was 
9 7 
made by Niece (31), who measured ) = 16.82+0.05 h. 
97 
4. Nb results 
1 97 Spectra of chemically separated Nb' were taken with 
a 12 cc Ge(Li) detector from Nuclear Diodes, Inc. The 
spectrum from which the most reliable information was ob-
97 
tained contained no visible amount of Zr parent activity; 
the chemical separation procedure was essentially that of 
Choy ejk al. (32) . (Natural source material was used, so 
187 there was no interference from W .) A small amount of 
95 Nb was present as a contaminant, but since the energy of 
95 the single gamma ray in Nb decay is known with high 
precision (28) , it was useful for internal calibration. The 
spectrum is shown in Figure 12. 
The energies and relative intensities of the gamma rays 
97 
assigned to the decay of Nb are given in Table 2. These 
values agree well with those found by Graeffe and Siivola (17). 
The major discrepancy between these two sets of results is 
their assignment of a transition of 12 92 keV. Such a gamma 
^All chemical separations were performed by K. L. Malaby. 
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9 7 Table 2. Gamma rays in Nb decay 
E (keV) 
This 
+a 
Work 
I 
Graeffe and 
E(keV) + 
Siivola 
I 
(17) 
+ 
658.0 .1 100 658.1 . 3 100 
720 1 .10 .02 720.0 .7 .1 .03 
856. 8 1.0 .06 .03 856.0 1.0 .06 .03 
909.7 .5 .07 .02 909.8 1.0 .06 .03 
1024.5 .3 1. 10 .10 1022.2 .3 1.2 .2 
1116.8 .4 .08 .02 1116.1 1.0 .09 .02 
1268.5 .5 . 16 .03 1267.2 1.0 . 11 .02 
1291.7 1.0 . 1 .03 
1515.0 .3 . 11 .03 1514.5 1.5 .12 .03 
1629 1 .016 .006 
^Errors are estimated standard deviations. 
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ray appears in the spectrum of Figure 12, but several in­
consistencies motivated a closer study of the situation. 
Since, in Figure 12, the transition is clearly more intense 
than the 1268.5-keV transition, while in the spectrum of 
Graeffe and Siivola it is less intense, and since in 
97 97 
spectra of Zr - Nb in equilibrium (taken for 17 h) the 
line does not appear at all, we have assigned the transition 
to the presence of 1,8 h Atmospheric argon was probably 
diffused through the Zr oxide powder sources and followed the 
Nb during the chemistry, probably by being merely dissolved 
in the liquid reagents. 
A second disagreement between the present results and 
those of Graeffe and Siivola (17) is the present assignment 
of a 1629-keV transitions. Examination of the spectrum in 
Figure 12 leaves little doubt as to the presence of such a 
line, and it is not present in a second spectrum taken 
after the first. (That is, the line is not background.) 
The spectrum published by Graeffe and Siivola gives a 
small indication of the line's presence, but they do not 
make an assignment. 
5. Nb^^^ measurements 
97 
The existence of an isomeric state in Nb was first 
established by Burgus et al. (5), who assigned it a half-life 
of 60+8 sec. Using a magnetic beta-ray spectrometer, they 
also measured the internal conversion coefficient for 
41 
97 
the transition to the ground state of Nb . These 
quantities were remeasured during this investigation, and 
some additional information about Nb^^^ has been obtained. 
97 
In a gamma-ray spectrum of Zr , transitions in the 
97 decay of Nb also appear, and may be identified by accumu-
9 7 lating a spectrum of chemically separated Nb It is 
possible, however, that some transitions observed in the 
97 97 
Zr gamma spectrum follow not the beta decay of Zr or 
Nb^^, but Nb^^^^ If this state does undergo beta decay, 
such decay would be observable (without coincidence studies) 
only on a time scale of a few minutes; one may chemically 
97 
separate the Nb present in a Zr sample and quickly take 
spectra of the Zr^^ parent and/or the separated 
Any gamma rays arising from the decay of Nb^^^^ will have 
significantly different relative intensities in such spectra 
taken one or two minutes apart. 
Burgus et al. (5) did such a separation, but, lacking at 
that time the instrumentation to determine directly the 
energies or intensities of the gamma rays associated 
with the short-lived decay, they could only infer that the 
intense 743-keV transition depopulated Nb^^^. Riehl (12) also 
did such a separation using a 3" x 3" Nal crystal for a gamma-
ray detector, and his conclusions support those of Burgus 
et al. (.5) . The question is not whether the inference is 
correct, but whether other of the many gamma rays now 
42 
97 97 
associated with Zr actually de-excite Mo states fed by 
beta decay from Nb^^^. 
Using a 12 cc Ge (Li) detector with =5 keV MUM 
resolution and a 1500-channel Victoreen pha in two 800-
channel sections, the following sequence was performed 
97 
repeatedly. From a parent sample of Zr almost all 
Mb was removed^. Shortly afterward (about 15 to 45 sec) 
another extraction was made, but now most of the Nb was 
Nb^^^. Two successive spectra (60 sec live time ("Live" time 
elapses while a pha's circuits are ready to accept a pulse. 
The pha is "dead" while performing an analysis.) each) were 
then taken of the Nb^"^^ extraction. Two runs were made, one 
of 4 separations with counting rates causing analyzer dead 
times of 20%, and one of 10 separations with dead times of 
no more than 8% (to reduce pulse pile-up). The cumulative 
spectra of the first and second counting periods for the 10 
separations are shown in Figure 13. 
As can be seen from the figure, none of the more 
prominent lines in the Zr^^ spectra appear in the Nb^^^ 
spectrum. It can thus be concluded that previous assign-
97 
ments of the these transitions to Zr decay were correct, 
and that if Nb^^^ undergoes beta decay, the decay must be 
^These solvent extraction chemical separations were 
performed by K. L. Malaby. 
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Figure 13. Ge(Li) spectra (60 sec live ti^ne each) of Nb ' decay 
a) first 60 sec; b) second 60 sec 
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very weak or go only to the 658-keV level or qronnd state 
97 
of Mo 
The strong intensity of the 6 58-keV line indicates 
that the "cleaning out" separation was not completely 
effective. A small fraction of the 658-keV counts in these 
spectra might be interpreted as having arisen from feeding 
by Nb^^^ beta decay; however, the evidence is too weak 
to support any conclusions. 
To get a more precise value for the half-life of Nb^^^ 
additional separations were performed; the pulses from 
the Ge(Li) detector were fed into a discriminator which 
was set just below the 743-keV pulses, and the discrim­
inator output was multiscaled into 80 0 channels at 1 sec/ 
channel. This procedure was followed four times; the re­
sulting four sets of data were analyzed with a computer 
program (33) which combines a least-squares analysis of 
species concentrations with a direct search method (see 
Appendix D) for finding unknown half-lives. Two of the runs 
had (initial activity/long-lived background) ratios of 16 and 
25, and the program gave half-life values of 55 and 58 sec, 
respectively. Two other runs, however, had ratios of 94 
and 67, for which half-lives of 52.7 and 53.0 sec were computed; 
these last two seem much more reliable (the direct search 
method does not produce error estimates), and a final 
value of 52.8+0.2 sec is quoted. A graph of the multi-
45 
scaling data and fitted curve appears in Figure 14; to 
reduce the number of channels for easier analysis, the 
original data of the best run have been "compressed". 
The counts in a channel of Figure 14, N|, are related to the 
.original data according to: = N2+  ^21+1* 
C. Coincidence Measurements 
1. Beta-gamma coincidences 
To verify the assignments of gamma transitions at 
various positions above the ground states, beta-gamma 
coincidences were performed. A small amount of ZrOg powder 
was irradiated for 16 h (to get a relatively high specific 
activity) and encased in a small vitamin capsule. The 
capsule was placed in the well of a plastic scintillator 
which was adjacent to a 6 cc Ge(Li) detector. Detector 
geometry is indicated in Figure 15 (a). 
Pulses from the Ge(Li) detector went to the "X" analog-
to-digital converter (ADC) of a TMC 16384-channel multi­
parameter analyzer, and pulses from the plastic detector 
went to the "Y" ADC. The Y ADC digital output was fed 
to a TMC model 24 5 spectrum sorter with which it was 
possible to select eight regions ("bands") of the Y 
spectrum with which eight coincident spectra could be 
recorded simultaneously. A logic schematic diagram is 
shown in Figure 16; for this experiment the Nal detector (of 
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Figure 14. Multiscaling of the 743-keV gamma rays from Tlh 
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Figure 16) was replaced by a Ge(Li) detector, and the 
Ge(Li) detector by a plastic scintillator. 
These measurements were seriously hampered by inter­
ference from 24 h Na^^, although some qualitative con­
clusions could be reached. 
2. Gamma-gamma coincidences 
Gamma-gamma coincidence studies were performed with 
Ge (Li)-Ge (Iii) and with Ge (Li)-Nal( Tl) detector systems. 
The two detectors to be used were placed as physically close 
to each other as was practical, since coincidence counting 
rates are very geometry dependent (34). The sources were 
placed in such a way (Figure 15 (b)) that any annihilation 
radiation originating in them (e.g., from positron decay 
of a neutron-deficient impurity) could not be detected in 
both detectors, though such coincidences would probably 
have been negligible since little or no annihilation radia­
tion was observed in singles spectra. Such geometry was 
also intended to reduce the probability of observing a 
false coincidence peak due to backscattering of a gamma ray. 
Electrical signal logic was virtually identical to 
that used in the beta-gamma coincidence experiments, 
though the bands selected with the TMC sorter were much 
narrower (5 or 6 channels) for the high resolution of the 
Ge(Li) detectors. (in the Ge(Li)-NaI study, lines from 
the Ge(Li) detector were used to gate coincident Nal 
50 
spectra (as in Figure 16), as opposed to the opposite choice 
used by Siivola and Graeffe (16).) In taking the gama-gamma 
coincidence spectra, one energy band was used to select the 
gamma line of interest and another band (of an equal 
number of channels) selected a region above or below 
this line to gate a spectrum of coincidences due to back­
ground and Compton events. 
The Ge(Li)-Ge(Li) study was hampered by poor statistics 
due to the low intrinsic efficiency of these detectors. 
The results have the great advantage, however, of very high 
precision - when a coincidence ^  seen, there is virtually 
no ambiguity in interpretation. 
Three bands of the Ge( Li)-Ge (Li) results are shown 
in Figure 17. Two sets of eight 17 h spectra were taken 
with one sample. The corresponding two spectra were added 
together and "compressed" to make Figure 17. The coincident 
peaks have been indicated in the figure. It may appear that 
other peaks are present, but these peaks are also present 
in the Compton background bands. 
The Ge(Li)-naI spectra had poorer resolution, of course, but 
considerably better statistics. The experimental procedure 
was essentially the same as in the Ge(Li)-Ge(Li) case; 
two 17 h counting periods with one source, and bands set 
on the Compton distributions as well as the peaks. 
(In some cases only one Compton coincidence band was used for 
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two lines.) 
Figures 18-21 show those Ge(Li)-NaI coincidence spectra 
which gave positive results. The graphs were prepared in 
the following manner. The two spectra for each band (for 
the two counting periods) were added together and a quadratic 
smoothing process (35) was used. The smoothed background 
spectra were then subtracted from the smoothed coincidence 
spectra. The results are plotted in Figures 18-21. The 
statistical fluctuations in the spectra caused some points 
to be negative. The large negative peak in the spectrum 
in coincidence with 508-513 keV is believed to have arisen 
from a backscatter effect. The Nal detector was at the 
appropriate angle (through an oversight) to detect radiation 
of the intense 743-keV transition after it had Compton 
scattered from the Ge(Li) detector by losing exactly the 
energy of the background band (525 keV). Therefore the back­
ground coincidence spectrum has a peak at 743 - 525 = 218 keV. 
Lead shielding was placed to reduce this effect but some 
gamma rays got through the lead because the 743-keV 
transition is so intense. There is a positive peak at 
slightly higher energy than the negative one because the 
same effect occurred, to a smaller degree, with the 508-513-
keV gate, and the corresponding Compton scattered radiation 
was of slightly higher energy (743 - 510 = 233 keV). 
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The coincidence measurements are summarized in Table 
3, and are for the most part in agreement with the results 
of Siivola and Graeffe (16). 
Table 3. Coincidence results 
Gate Energy 
(keV) 
Gamma Rays in Coincidence 
(keV) 
254 704,1148,1851 
355 602,1148,1750 
507-514 507-514 ,855 
743 none 
1148 
Nb" 
254,355,400,602,704,971 
658 Poor Statistics 
1. Search for Nb^"^™ beta decay 
This subsection is concerned with setting upper limits 
on possible beta decay from Nb '. The fast chemical separa­
tion experiment on Nb^^^ described in section B (subsection 
5) established that Nb^^^ beta decay, if it exists, must be 
quite weak, or feed only the states in Mo (established in 
chapter IV from evidence independent of this subsection) at 
1024.5 or 658.0 keV, or the ground state. Presumably, Nb^^^ 
58 
97 
could beta decay and' give rise to a gamma ray in Mo" which 
was too weak to observe in the spectra of Figure 13. To 
set an upper limit for such a process, we suppose (con­
servatively) that a gamma-ray peak half as large as the 
1024.5-keV peak in Figure 13 would be just observable. 
Roughly 6 times as many nuclei of Nb^^^ decayed to produce 
9 7 the upper spectrum in Figure 13 as did Nb nuclei, so gamma 
rays arising from Nb^^^ beta decay cannot have an intensity 
greater than about 0.1 (relative to 100 for the 658.0-keV 
transition). 
Comparison of the relative intensities of the 1024.5-
97 97 keV transition from Zr - Nb equilibrium spectra with 
97 those from chemically separated Nb spectra does not 
reveal a significant difference, so it is unlikely that 
Nb^^^ beta decay gives rise to any 1024.5-keV gamma rays. 
If Nb^^^ decays to the ground state of Mo^^, the betas 
should be observable without coincidence studies because their 
end-point energy should be some 800 keV above that of the 
9 7 intense Zr beta spectrum; no such betas were found in this 
work (see section E of this chapter). 
One way to check whether or not Nb^^^ beta decays to the 
Mo^^ 658.0-keV level is to invoke the "law" of "conservation 
of nuclei" by comparing the numbers of transitions feeding the 
97 97 ground state of Nb and of Mo" (using the decay schemes 
97 97 developed in chapter IV) . For several Zr" - Nb equilibrium 
50 
spectra taken during this research, such a check seemed 
to show slightly too many 658.0-keV transitions (indicating 
beta decay of Nb^^^), though the excesses were within the 
error brackets on the total transition intensities. An 
experiment was performed to clarify the situation. 
Consider a beta spectrum in coincidence with a gamma ray 
de-exciting a level in Mo^^. If both Nb^^ and Nb^^™ undergo 
beta decay to that level, two beta groups should be observ­
able, differing in end-point energy by 7 43 keV. Because 
97 
most gamma-ray intensities in Nb' decay are so weak, it 
would be extremely difficult to do such a coincidence ex­
periment with any but the 658.0-keV transition. 
A relatively simple coincidence experiment was performed 
as follows. A well-type plastic scintillator for electron 
detection was placed adjacent to a 3"x3" Nal(Tl) detector 
(as in Figure 15 (a) with the Ge(Li) detector replaced by the 
Nal detector) . The %r^^ - powder source was 
placed in the well of the scintillator, and the beta spectrum 
was gated by 658-keV gamma rays. Several coincidence and beta 
32 
singles spectra were taken, as well as a p" beta-ray calibra-
32 tioh spectrum. (P decays with a single beta group of end-
point energy 1708 keV and no gamma rays.) 
In analyzing the coincidence spectra, it must be 
remembered that "accidental" or "chance" coincidences may 
occur in the region of interest, and that the counting 
60 
rate of these coincidences increases with the square of the 
total decay rate, while "true" coincidences depend linearly 
on decay rate (34). Even more serious than "normal" accidental 
coincidences is the problem of accidental pile-up. While 
normal accidentals should have the same pulse distribution 
as the intense beta spectrum, the piled-up coincidences 
add counts in the hiah energy region of the spectrum, 
where they may obscure the effect sought. 
Interference from piled-up and chance coincident 
radiation was the experiment's limiting factor in setting 
an upper limit. It was found that the number of beta 
rays from feeding the 658-keV level in Mo^^ is less 
97 than 0.4% of the number of betas from Mb 
D. Internal Conversion Measurements 
Measurements of the internal conversion coefficients 
97 
of the 743-keV transition in Nb and the 658-keV transi-
97 
tion in Mo were made by Burgus et a].., (5), by Shpinel and 
Kuznetsova (7), and by Riehl (12); magnetic spectrometers 
were used in all instances, with resolutions of from 2.5 
to 0.6 per cent. In all cases the "conversion peak area to 
beta group intensity" method was used to determine the 
coefficients. 
It is well known that techniques of measuring beta rays 
and internal conversion electrons must begin with a thin 
61 
source to prevent distortion of the particle spectra. On 
the other hand, the experimenter must have enough radio­
active material in the source to gather a good statistical 
sample of counts before the source decays away. For many 
reactor-produced nuclides there is no problem, because 
the thermal neutron capture cross-section of the source 
material and the available neutron flux result in high 
96 
specific activities. Zirconium is plagued with a low cross-
section, however, making it necessary to compromise on 
source quality or statistics (or both) when using low-
transmission magnetic beta-ray spectrometers. For this 
reason> as well as the simplicity of the method, it was decided 
97 to re-measure the conversion coefficients in Zr decay with 
semiconductor detectors. 
The use of semiconductor detectors for internal 
conversion measurements has been described in detail by 
Hollander (36). Some of the essential considerations are 
given here. 
The internal conversion coefficient for a particular 
nuclear transition and atomic shell is defined as 
= Mer/HY ' 
where N is the number of converted "r" shell electrons 
er 
emitted from a source in some time interval, and N is the y  
number of photons emitted during the same interval. To 
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measure this quantity one must mensure the numbers of electrons 
and photons independently and, for short-lived sources, 
simultaneously. (It may be possible to measure X-rays 
of de-exciting atomic shells, for example, instead of elec­
trons, but this is not an essential point.) It is very 
difficult to devise a detection system which will simul­
taneously measure all electrons and all photons from a 
source with more than one transition, and still keep 
track of the relative numbers of each. The "next-best" 
that can be done is to measure some "known" fraction of 
each type of radiation and to correct the resulting numbers. 
The idea, then, is to expose simultaneously a Si(Li) 
detector and a Ge(Li) detector to a source to count beta 
and gamma rays, respectively. Since solid angle factors 
are quite difficult to determine precisely (particularly 
for Ge(Li) detectors), a source with an accurately known 
conversion coefficient is "measured" under the same condi­
tions and the known coefficient is used to normalize the 
Si(Li) and Ge(Li) peak areas. Determinations must also 
be made of each detector's peak efficiency as a function 
of energy. When these calibrations have been done, the 
desired conversion coefficient is 
a = [(Ae/Ee(Be))/(AY/=Y(GY))] * (2) 
A and A are the areas of the electron and photon peaks, 
e Y 
e (E ) and e (E ) are the Si(Li) and Ge(Li) detector 
e e Y Y 
6 3  
relative efficiencies at the respective energies, and 
G is the geometrical (i.e., solid angle) correction factor. 
G is found from 
where the symbols have the same meanings, and "s" denotes 
the normalizing standard. The accuracy of the method 
hinges on the accuracy of a^, the "known" standard. The 
precision of the answer depends on the precision of the 
four measured areas and the measured relative efficiencies. 
The present measurement was carried out with a vacuum 
chamber which was designed and constructed expressly for 
measuring conversion coefficients, and which has not been 
described previously. The chamber housed a source and a 
Si(Iii) detector (cooled with liquid nitfogen), and allowed 
a Ge(Li) detector to be positioned near the source. The 
design contained improvements on an existing chamber (37) and 
is similar to, but more versatile than, a chamber described 
by Hollander (36), A detailed description of the chamber is 
given in Appendix B. 
The Si(Li) detector which was used was purchased from 
2 
KeVex Corp. The detector was 80 mm and had a 2 mm depletion 
depth. The system resolution during the experiment was about 
137 3.3 keV PWHM for the conversion electrons of Cs (see 
Figure 22); at 660 keV this corresponds to about 0.5%, 
slightly better than was available to Riehl (12), 
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Figure 22. Response of Si(Li) detector to conversion electrons from Cs 
6 5  
Gamma rays were measured with an ORTEC 23.5 cc Ge(Li) 
detector. With a TC-130 preamplifier and Nuclear Data ND-52 4 
main amplifier, resolution of about 3.3 keV was achieved 
] 17 
for the 662-keV line of Cs 
Pulse-height analysis was carried out with a 4096-channel 
TMC dual-ADC multiparameter, analyzer connected for operation 
as two independent but "simultaneous" 204R-channel analyzers. 
A curve for the Si(Li) detector's relative full energy 
peak efficiency for electrons was made from spectra of 
AgllO^ (38) and (26). The Ge(Li) detector efficiency 
was calibrated with spectra of Co^^ (28), Ag^^^^ (38), 
^glSOm (22)^ and Yb^^^ (27). These calibrations are quite 
important, of course, but because the normalization standard 
137 
chosen was Cs (with a transition energy of 662 keV, very 
close to the energies of the transitions whose conversion 
coefficients were to be measured), they are not as critical 
as they might otherwise have been. 
A preliminary experiment was performed with natural 
Zr material, but after appropriate chemistry had been 
done the sources were too thick for good results. 
The experiment was repeated using Zr^^-enriched material 
97 to produce Zr . Electron spectra for the regions of interest 
are shown in Figures 23 and 24. In the spectrum of the 
97 
chemically separated Nb the resolution was high enough (and 
the source thin enough) to observe the L+M conversion line. 
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Figure 23. Internal conversion electrons from Mb' 
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Figure 24. Internai conversion electrons from Zr and Nb 
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From the areas of the electron and gamma-ray peaks 
137 
of Cs , the geometrical normalizing factor was found from 
Equation 3 to be; G = % (4.32 + 0.08). Using 
= 0.0894 + 0.0010 (40), the conversion coefficients given in 
Table 4 were computed. The errors given are standard devia­
tions estimated by combining statistical uncertainties with 
estimated systematic background subtraction errors. 
No conversion electrons other than those from the 
743- and 658-keV transitions were observed. 
E. Beta-Decay Measurements 
97 97 
Measurements of the beta-decay spectra of Zr and Nb 
97 in equilibrium and chemically separated Nb were made with 
a Si(Li) detector. Instrumentation for the experiment was 
identical to that used in measuring the conversion electron 
spectra. Since the range of beta particles in silicon 
was expected to exceed 2 mm, the 2 mm deep detector used 
to measure internal conversion electrons was replaced with 
a 5 mm depletion depth detector purchased from Solid State 
Radiations, Inc. (SSR); the 5 mm detector could stop 
betas of energy up to about 2.5 MeV (42). The detector 
had about 10-keV resolution at 1 MeV. 
97 97 
Three 17 h spectra were accumulated of 7,r - Nb 
in equilibrium. While the source was fairly intense, 
an absorber (=0.150 in. Al) was inserted between the 
q  7  97  
Table 4. Internal conversion coefficients in Zr and Nb' 
Transi- Present R\arqus Riehl Shpinel 
tion work^/b et (5) (12) and Theory (41) 
Kuznetsova (7) 
Nb^^m (E3, E4, M4) 
743 K (1.65+.15)xl0~^ ^ .041 (. 306,.692 ,1.R3)x10~^ 
(1.5+.2)xl0~ (1.43+.17)xl0 _ 
743 L+M ( 2.0+0.3)xl0 .0020 (. 4411. 13 , 2 . 80) x 10 
Mo^ .^  (Ml, E2) 
653 K (1.74+. 15)xl0"'^ _ .015 (1.80 , 1.92)xl0~^ 
_ 1.5x10 (2.5+.3)xl0 2 _4 
658 L+M (3.7+1.5)xl0 ^ " (2.38, 2.60)xl0 
^Relative to a,, (Ba^^'^'^) = 0.0894 + 0.0010 (40). 
^Errors are estimated standard deviations• 
vD 
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source and the detector, and the detector's response to 
qamma rays was measured. The gamma spectrum (corrected 
for source decay and absorption in the A1 beta absorber) 
was subtracted from the beta spectrum before analysis. 
97 
A spectrum of chemically separated Mb' was also 
97 
taken, and the gamma-ray response spectrum from the Zr 
97 Mb source was used to correct this spectrum also. These 
data are therefore reliable only above the Compton edge 
energy for the 658-keV transition. 
For calibration of beta-ray energies, an accurate 
pulse generator was used. A Tennelec Instrument Co. TC-ROO 
puiser was adjusted so that known pulse-height settings 
caused pulses to be stored in the same pha channel as were 
conversion electrons from the (1063.60+.05)-keV transition 
207 in Bi decay. The pulse generator was then used to store 
ten peaks of evenly spaced energy intervals over a 2-MeV 
range for a precise energy calibration. In addition, a 
32 
spectrum of P was accumulated for further calibration. 
The beta spectra were analyzed with a computer pro­
gram written to remove from the spectra the distortion 
introduced by the Si(Li) detector. The response of the 
detector to monoenergetic electrons was not known precisely 
enough to extract spectral shape information from the 
spectra, but beta group end-points were obtained. Using 
the puiser as a calibration, an end-point of 1701+10 keV 
71 
32 
was found for P from a Fermi-Kurie plot of its corrected 
spectrum. This value is in good agreement with various 
determinations given in the recent compilation of Daniel (43), 
and indicates that the procedure for finding the end-
point energies is reliable, 
97 97 97 
Treating the Nb and Zr -Nb spectra in exactly 
32 the same way as the P' spectrum, the beta-decay end-point 
energies given in Table 5 were found. 
No beta decay of end-point energy higher than 1.883 MeV 
97 9 7 
and 1.296 MeV was seen in Zr decay and Nb decay, 
respectively, implying (see the decay schemes in chapter 
IV) that_^no beta decay occurs from the ground states of 
97 97 Zr or Nb to the ground states of their respective 
daughters, Nb^^ and Mo^^, or from Nb^^^ to the ground state 
97 
of Mo 
Table 5. Comparison of beta-decay end-point determinations 
97 
Worker(s) E^Czr ) + (in MeV) 
Present 
results 1.883 .010 1.296 .010 
Burgus (5) 
e^t al. 1.91 .02 1.267 . 02 
Riehl (12) 1.920 .005 1.344 .009 
Shpinel (7) 
and 
Kuznetsova 1.90 .025 1.18 .050 
Delyagin (8) 
et al. 1.910 1.270 
^Errors, are estimated standard deviations. 
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A detailed discussion of the analysis of the beta 
spectra is given in Appendix C. 
73 
IV. THE DECAY SCHEMES 
The present work has experimentally examined most 
97 97 
aspects of the decays of %r and Nb in detail, and is in 
agreement with previous reports (5, 10, 12-17) describing 
the most heavily populated levels. In addition, most of the 
results of Siivola and Graeffe (16) and of Graeffe and 
Siivola (17) have been confirmed, and increased precision 
has been achieved in the gamma-ray energy values. 
Since detailed, logical constructions of the entire decay 
schemes do not seem to have been given elsewhere, an attempt 
at such construction is given in this section. The following 
discussion makes use primarily of observations from this 
investigation. Previously published results having a bearing 
97 97 
on the decays of Zr" and Nb are used in some instances; 
such instances are identified when they occur. 
97 
A. Zr Decay Scheme 
1. Level structure 
97 An isomeric level in Nb , which depopulates via the 
intense 743-keV transition, was, as was mentioned previously, 
established by Burgus et a2. (5). We wish to show, rigorously, 
that this isomeric level, Nb^^^, is the first excited state 
in Nb*^. 
No coincidences were seen with the 743-keV gamma ray, 
74 
and no other transition approaching its intensity was observed. 
97 
Therefore, it must decay mainly to either the Nb' ground 
state, or to some low-lying (<10 keV) excited state whose 
(intense) transition to the ground state was not observed. 
98 3 97 
The lowest energy state seen in recent Mo (d,He )Nb 
reaction studies of Ohnuma and Ynteraa (44) was found (from 
3 He angular distributions) to be 9/2+, and was assumed by 
97 them to be the ground state of Nb' • The next higher 
state they saw was .74 MeV above the first, and had an 
unambiguous 1/2- spin. Since the lifetime (53 sec), de-
excitation energy, and internal conversion coefficient 
(ra^ = 0.0155+.015) of the 743-keV transition of Nb^"^^ indi-
K —• 
cate (41, 45) an M4 transition, there is no question about 
identifying the 1/2- and 9/2+ states seen by Ohnuma and 
Yntema (44) with the initial and final states, respectively, 
of the 743-keV transition. 
The existence of additional states (either above or below 
97 
the 9/2+ state) in Nb' of lower energy than the 1/2- 743-keV 
state can be ruled out by noting that if such a state existed 
with spin less than 9/2, the 1/2- state would have a higher 
probability of decaying through it than tn the 9/2+ state. 
This was pointed out by Sorokin ejb a_l. (10). (It is con­
ceivable that a low-spin state exists below, but very close 
to, the 1/2- state, so that the gamma-ray transition 
probability from the 1/2- state to such a state is much smaller 
than the M4 probability to the 9/2+ state. The "worst 
case" would be a 7/2- level (M3 transition). Internal con­
version would make the qamma ray relatively weak, but the 
97 qamma ray from the subsequent transition to the Mb' 9/2+ 
state would be observable? for such a gamma ray to be as 
weak as is necessary, the 7/2- level would have to be about 
5 keV below the 743-keV level (45). No 739-keV gamma ray 
was observed, and there is no evidence such a state is fed 
from higher levels, so we eliminate the possibility of a 
state close to the 743-keV state.) 
While one or more states with spin equal to or greater 
than 9/2 may exist above the established 9/2+ state, such 
states would not be populated following the beta decay of 
97 the 1/2+ Zr" ground state (46) so the question of their 
presence is academic. One or more high-spin states below 
97 the established 9/2+ state (i.e., a high-spin Nb ground 
state) can be eliminated on a theoretical basis; it would 
be difficult to construct such a state (of low energy) from 
set of available shell model basis states. 
In the absence of any evidence to the contrary we there 
97 fore take the ground state of Nb' to be 9/2+, and its first 
excited state to be the 1/2- state at 743 keV. These assign 
ments were first suggested by Goldhaber and Hill (47). 
From the results of the beta decay experiments, the 
97 
end-point of the major beta group of Zr is 1883 keV. 
76 
Because the 743-keV transition is so intense, we can conclude 
that if the 1883-keV beta group goes to an excited state . 
97 in Nb' , that state can only be the one at 743-keV. (If 
this were not so, there would have to be another gamma ray 
present with intensity comparable to that of the 743-keV gamma 
rays.) It is also possible that the 1883-keV beta group 
97 goes to the Nb' ground state. There are thus only two 
possibilities for the final state of the 18 83-keV beta 
97 group: the Nb ground state, and the 743-keV state. The 
corresponding Q (total decay energy) values for these possi­
bilities are 1883 and 2626 keV. 
Looking now at the coincidence results involving the 
254-, 355-, 602-, 704-, and 1148-keV gamma rays, the only con­
sistent cascades possible are tliose in which two separate 
(254+704)- and(355+602)-keV cascades both feed or both 
follow the 1148-keV transition. In any case, the total 
cascade releases 2106 keV of energy, and hence Q must be 
greater than 2106 keV. The only possibility is 0=2626 kev: 
97 
therefore most Zr" betas feed the 743-keV level. 
The 2106-keV cascade cannot feed the 743-keV level 
since 743+2106=2849, which is greater than Q. Thus it must 
97 feed the Nb ground state, and since only the 1148-keV 
gamma ray has an energy greater than 743 keV (the first 
excited state), it must be on the bottom of the cascade. 
Levels have thus been established at 1148 and 2106 keV. 
77 
Coincidences of the 1148- with the 602- and 704-keV aamma 
rays, and the energy fits with the 1750- and 1851-keV cross­
overs, leave no doubt about the assignment of levels at 
1750 and 1851 keV. 
97 
This fills out the main features of the decay of Zr 
and agrees with the results proposed by Sorokin et al. (10). 
Ge(Li)-NaI and Ge(Li)-Ge(Li) coincidences both established 
that the 508-513-keV region was in coincidence with itself. 
This fact, and the good (507+513.2=1021.2 keV) energy 
fit, establishes a cascade-crossover relation. Since both 
cascade gammas are less than 743 keV, the cascade must feed 
the 7 43-keV or some higher level. Recause the 507.fi-keV 
97 gamma ray is the second most intense one in the Zr spectrum, 
it would be difficult to find a consistent way to have it 
feed any level other than the 743-keV level. In addition, in 
Ge(Li)-NaI coincidences, the 855-keV gamma ray was also in 
coincidence with the (508-513)-keV region. The 855-keV gamma 
ray gives a good energy fit with 1250.8 keV to the 2105.6-keV 
level, and such a placement is not inconsistent with the coin­
cidence results. A level is then, placed at 1250.8 keV. 
Another level is established 1021 keV above the 74 3-keV level, 
or at 1764 keV. 
The (1276.3+829.5=2105.6 keV) energy fit suggests another 
cascade from the 2106-keV level. A tentative placement of 
the intermediate state at 82 9.5 keV fails, since the 12 76-
7R 
keV gamma ray is more intense than the 829.5-keV gamma ray, 
and no transition of 86.3 keV (from 82 9.5 to 743,2 keV) was 
seen. Therefore another level is placed at 1276 keV. 
Coincidences with the 1141-keV qamma ray include qamma 
rays at 400.4 and 971 keV. A new level is placed at 154 8.2 
keV for the 400.4-keV gamma ray, because the 272.4-keV transi­
tion gives a good energy fit with the 1276-keV level to 1548.2 
keV. The coincidence intensity of the 971-keV gamma ray is 
more intense than would be expected if it fed the 1548.2-keV 
level, so a level is assiqned at 2118.9 keV. This result 
contradicts the conclusions of Siivola and Graeffe (16), 
who place the 971-keV qamma above the 1276-keV level. The 
counting statistics of the present measurement seem to be 
more reliable than theirs, however. 
Except for this last level, the present decay scheme 
(shown in Figure 2 5) agrees with that of Siivola and Graeffe 
(16). The beta-decay branching values shown in the decay 
scheme (and used to compute loa ft values) were found from 
relative gamma-ray intensities. 
The coincidence measurements of Siivola and Graeffe (16) 
establish that the 690.7-keV gamma ray is in cascade with the 
cascade-crossover trio of the 111.7+219.0=330.8-keV gamma rays. 
Indeed, these energies sum to about 1021.2 keV, the difference 
between the 743.2- and 1764.4-keV levels. There is little doubt 
that the four gamma rays cascade between these two levels. 
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but the relative placements of the four may be a matter of 
speculation. Siivoia and Graeffe (16) place the 690.7-keV 
gamma ray on the bottom, preceded by the 272.4-keV transi­
tion,. preceded in turn by the 111.7-keV transition; their 
basis was relative intensity considerations. With appro­
priate placement of other weak transitions observed in the 
present investigation, however, it was not possible to 
rule out three alternatives. These alternatives are aiven 
in Figure 26 (a,b,c,d), together with other speculations 
(e,f ) about possible placements of weak gamma rays for 
which no energy fits were found with established levels. 
The unplaced gamma transitions are listed in Table 6. 
2. Spin assignments 
97 
The ground and first excited states of Nb have been 
shown to be 9/2+ and 1/2-, respectively. The log ft of 7.2 
of the b6ta decay branch to the 743-keV level is consistent 
with a first-forbidden transition.' 
Ohnuma and Yntema (44) measured two levels (in addition to 
9 7 the ground and .74-MeV states) in Nb with their reaction 
work; they compared their results with the decay scheme study 
of Siivoia and Graeffe (16), and identified a 1.24-MeV 
(3/2-) state with the 1.251-MeV level found by Siivoia and 
Graeffe (and the present work). A tentative identification 
of a 1.42-MeV (5/2-) state was made with a level at 1.434 
MeV proposed by Siivoia and Graeffe. Unfortunately, Ohnuma 
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levels in Nb^' 
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Table 6. Unplaced gamma transitions a 
E(keV) + jb + 
III.7C .2 .10 .02 
142 1 .014 .004 
176.9 .4 .024 .004 
219.0^ .2 .21 .03 
294.9 .5 .10 .04 
330.8^ .4 .18 .03 
408.5 1 .08 .03 
511 (?) .5 .4 .2 
679 (?) 1 .05 .02 
690.7^ .2 .21 .04 
699 (?) 1 .07 .03 
780 (?) 1 .03 .01 
788 (?) 1 .04 .01 
1110.7 .3 .15 .06 
1167 (?) 1 .02 .01 
1203 (?) 1 .03 .01 
1298 (?) 1 .03 .01 
question mark indicates a gamma ray tentatively 
assigned to the decay of Zr^?. 
^Relative to 1=100 for 743-keV gamma ray. 
^transition's relative position in a known cascade is 
not established. 
R3 
97 
and Yntema were not able to study any other states in Nb' 
in detail. 
Q7 
The levels in Nb at 1148, 1750, 1851, and 2106 keV 
form a natural grouping with regard to tentative spin assign­
ments. The 1148-keV level decays to the 9/2+ ground state 
only, and apparently is not fed by beta decay, so it must 
have spin (5/2) or greater. The 1750- and 1851-keV levels 
may well have the same spin and parity, because they are 
both fed from the same level by gamma rays of about equal 
energies and intensities and they both decay to the same 
level with, again, gamma rays of about the same energies and 
intensities. Since they do decay to the ground state also, 
their spins should be at least (5/2), The 2106 state is fed 
by an allowed or first forbidden beta group (log ft = 6.4), 
and so must have low spin: (1/2) or (3/2). Because the 
comparatively low energy transitions to the 1750- and 1851-
keV states from the 2106-keV level compete favorably with 
the 1362-keV transition to the 743-keV 1/2- level (assuming a 
1/2 or 3/2 spin for the 2106), it seems that the low energy 
transitions must be El, while the 1362 must be Ml. The 2106-
keV level must then have negative parity, and if it is to 
decay by El gamma rays to the 1851- and 1750-keV levels, 
these must be (5/2+), while the 2106-keV level must then be 
(3/2-). (Siivola and Graeffe (16) also place a 1110-keV 
gamma ray between the 1851- and 743-keV levels; the energy 
R4 
fit in the present experiment was not jurtqed close enovirrh 
to justify the same treatment. In addition, such a place­
ment seems improbable because the 1851-keV state would then 
be decaying by an M2 transition to either the ground or 
743-keV states, and by an E2 transition to the remaining one. 
The observed gamma-ray relative intensities are not con­
sistent with such a relationship.) Since the (3/2-) 2106-
keV level does not decay to the 1148-keV level, the transi­
tion is probably not El. Similarly, the transitions from 
the (5/2+) 1750- and 1851-keV states are probably not El 
either, since these states also decay to the ground state 
via (probably) E2 transitions. The only possibility left 
for the 1148-keV state is (7/2+). 
The major contradictory evidence against this spin 
scheme is the log ft of 8.2 to the 1750-keV state, which 
is much too low for a second forbidden beta branch. Errors 
in gamma-ray relative intensities or a weak unobserved gamma 
ray feeding the level may account for the anomaly. 
These assignments disagree with the suggestions made 
by Siivola and Graeffe (16), but some of their conclusions do 
not account satisfactorily for observed gamma-ray branching 
ratios of the present measurement. 
Spins for the remaining levels are even less certain. 
The 1251- and 1764-keV levels seem to be (1/2-) or (3/2-) 
from their log ft's and strong feeding of the (1/2-) 743-keV 
level, though if the 1251 level is (3/2-) (as suggested by 
Ohnuma and Yntema (44)), it is strange that the 1750- and 
1851-keV levels do not feed it. 
The 1276-keV state may be (5/2-) because of the unique-
forbidden lorr ft (9.0) to it, and because it is fed from 
the low (3/2-) spin 2106-keV level and decays to the (9/2+) 
ground state. 
The 1548- and 2119-keV levels may also be (5/2-), but 
it was difficult to make consistent assignments in these 
cases. 
97 
B. Nb Decay Scheme 
1. Level structure 
9 7 • The situation regarding the 658.0-keV gamma ray in Nb 
decay is much the same as that of the 743-keV gamma ray in 
97 
Zr decay. The 658-keV gamma ray is very intense, and it 
showed strong coincidences with beta rays? from all indi­
cations it depopulates a level directly to the ground state 
97 9 7 
of Mo . Unlike the case of Zr' decay however, there are 
no strong arguments against the possibility that the final 
state of the 658-keV transition is not the ground state of 
Mo^^, but a low-lying state whose ground-state transition was 
of too low an energy (<10 keV) to be observed. It will be 
seen shortly that the 658-keV transition is a member of a 
cascade with an observed crossover, so at least one other 
86 
transition feeds the final state of the 65B-keV transition. 
In what follows, the 658-keV transition is assumed to de-
9 7  
excite a level at 65 8-keV to the Mo" ground state. 
97 
It has been shown that most Zr' nuclei decay through 
Nb^^^. In gamma-ray spectra of Zr^"^ - Nb^^ in equilibrium, 
the 65H-keV transition is slightly more intense than the 
743-keV transition from Nb^^^^ Therefore, most Nb^^ nuclei 
must decay through the 65B-keV state. Mow, beta decay 
97 
spectra show essentially one beta group in Nb' decay with an 
97 intensity equal to that of the Zr" betas, and no betas of 
energy higher than the main group's end-point were observed; 
we conclude that these betas go to the 658-keV level, and 
97 
that there is no beta decay to the ground state of Mo 
The beta end-point energy of 1296 keV added to 6 58 keV gives 
Q = 1954 keV. 
A search for cascade-crossover energy relationships 
9 7 
among the Nb keV gamma rays reveals the possibilities 
(658+857=1515 keV) and (720+910=1629 keV). Riehl (12) and 
Graeffe and Siivola (17) observed coincidences for the first 
of these fits. An attempt was made during the present in­
vestigation to measure coincidences with the 658-keV gamma 
ray with the Ge(Li)-Ge(Li) detector arrangement, but ' ' 
statistics were too poor to support any conclusions. On the 
bases of the good energy fit and the coincidence results of 
these other workers (12, 17), the 856.B-keV transition is 
placed between the 658.0-keV level and a level at 1515 keV. 
87 
The 1629-keV gamma ray cannot feed the G^S-keV level 
because a level at 2287 keV would exceed 0. Therefore we 
propose a previously unreported level at 162 9 keV, de-
exciting via a 1629-keV transition and a (909.7-720)-keV 
cascade. The intermediate state is placed at 720 keV since 
the gamma ray of that energy is more intense than the 909.7-
keV gamma ray. 
The 1024.5-keV gamma ray should have been observed 
in coincidence measurements if it feeds the 658-keV level. 
It was not observed,' so a level at 1024.5 keV is established. 
It is doubtful if the 1116.8- and 1268.5-keV gamma rays 
would have been observed in coincidence measurements if 
they feed the 658 level, because they are so weak. Such 
a placement is improbable for 1268.5-keV transition, however, 
because the resulting log ft value (with a beta group end-
point of only 28 keV) would be less than 3. In the absence 
of further evidence levels are placed at these energies. 
Q 7 
The Nb decay scheme is shown in Figure 27. Some of the 
levels appearing in Figure 27 were reported in a preliminary 
account (48) of recent neutron-capture gamma-ray experiments 
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2. Spin assignments 
Tentative spin and parity assignments for the decay scheme 
9 7 begin from the Nb ground state's 9/2+ and the measured (49) 
97 
value of 5/2+ for the Mo ground state. 
The log ft of 5.3 for the intense beta decay branch 
to the 658-keV level indicates an allowed transition; possible 
spins and parity of the level may thus be (11/2, 9/2, 7/2+). 
The measured K shell conversion coefficient of the transition 
is a = 0.00174+.00017, which compares favorably with the 
theoretical value for Ml transitions (from Hager and Seltzer 
(41)) of .00180. For E2 transitions the theoretical value is 
.00192, and for higher multipolarity, of course, theory 
97 predicts still higher coefficients. The ground state of Mo 
is known to be 5/2+; therefore the conversion measurements 
eliminate the (11/2+) possibility (M3), and probably 
(9/2+) also (E2), McGowan and Stelson (50) did not observe the 
658-keV state in Coulomb excitation experiments, while 
Alkhazov et (51) claim at least 2% of the transitions are 
E2. In either case. Ml radiation exists, and the (9/2+) 
possibility is eliminated. Hence the 658-keV level is assigned 
spin and parity (7/2+). Measurements of Hiibner (52), of 
Metzger and Todd (53), and of Alkhazov et al. (51) limit the . 
half-life of this level to between about 1.0x10 to 2.0x10 
sec, roughly an order of magnitude longer than the Weisskopf 
estimate (45) for an Ml transition of 660 keV. 
90 
The beta group to the 1024.5-keV level has a loa ft 
of 6.7, and may be allowed or first-forbidden; possible spins 
for the state are (11/2), (9/2), and (7/2). The level decays 
to the 5/2+ ground state, with no observed transition to 
the 658-keV (7/2+) level, so (11/2) is ruled out. Graeffe 
and Siivola (17) assign positive parity to the level because 
Alkahazov et (51) claim to have seen the level in Coulomb 
excitation experiments; McGowan and Stelson (50), however, 
97 
could not find any excitations in Mo up to 1.2 MeV. The 
parity of this state can therefore not be definitely estab­
lished. 
As can be gathered from the paper of Graeffe and 
Siivola (17), conclusions about the remaining spins and 
parities are difficult because of conflicting considerations. 
They point out that the shell model states occupier by the 
0 7 
"last" neutrons of Mo are of positive parity, except for 
the rather high-lying Ih^^y^ orbit. One therefore becomes 
reluctant to assign negative parities when other possibilities 
may exist. 
Several states found by stripping reactions have energies 
close enough to those found in decay scheme work to appear 
to be "obviously" the same level. Specifically, Iljorth 
97 
and Cohen (5 4) observed an excitation at .6 69 MeV in Mo with 
the Mo^^ (d,p) Mo^"^ reaction, and the angular distribution of. 
protons indicated an apparent triplet of states with orbital 
91 
anqular momenta 0, (2), and (4). In a later paper, Ajzenberq-
Selove and Maxman (55) resolved two states at .6 83 and .72 7 
MeV, and identified the .683 state with the L=0 component seen 
by Hjorth and Cohen (54) and with the .66 MeV (1/2+) state 
reported by Zaika et al. (56) . Recently Ohnuma and Yntema 
98 97 (57), usinq the Mo (d,t)Mo reaction, observed a state at 
.68 MeV whose triton anqular distribution indicated states 
with L=0, 2, and possibly 4. It seems likely that L=4 
component reported by Hjorth and Cohen (54) can be identified 
97 
with the (7/2+) 65 8-keV level populated by Nb beta decay. 
There is apparently a (1/2+) level, not observed in decay 
scheme studies, at about 6 83 keV. The level seen by 
Ajzenberg-Selove and Maxman (55) at .727 MeV is presumably 
the Tj=2 component of Hjorth and Cohen (54) and of Ohnuma and 
Yntema (57), and probably is (3/2+). As Graeffe and 
Siivola (17) mention, if it is to be identified with the 
720-keV level found in their decay scheme (and in the present 
one), it must be fed by weak unobserved gamma rays, since a 
beta branch feeding it would have to be second forbidden. The 
difficulty with such an identification is that the state is 
fed from the 1629-keV level (if the present decay scheme is 
correct) which will be seen to have a high ((7/2), (9/2)) 
spin. 
The present levels at 1116.8 and 126 8.5 keV are also 
compared by Graeffe and Siivola (17) to states seen by Hjorth 
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and Cohen (54) at 1.136 and 1.271 (by (d,p)) or 1.288 (by 
d,t)) MeV. The L=2 angular momentum transfers lead to 
(3/2+) or (5/2+) for these states, which therefore would not 
be fed by beta decay, and would require, again, the existence 
of some unobserved gamma rays. 
The remaining levels at 1515 and 1629 keV bear no clear 
resemblance to any level seen in a stripping reaction. 
Beta groups to both levels have log ft's of allowed or 
first forbidden character, limiting the levels' spins to 
(11/2, 9/2, 7/2), and both levels decay directly to the ground 
state, which eliminates the (11/2) possibility. It is difficult 
to account for the observed branching of the transitions 
from these states, particularly if negative parities are 
excluded from consideration. It should be mentioned that 
Hjorth and Cohen (54) found a fairly unambiguous L=3 transfer 
to a state at about 1.56 MeV; whether or not this is the 
lowest negative parity state is a very interesting question 
in view of the uncertainties in the decay scheme. 
93 
V. DISCUSSION 
A. Theoretical Interpretation 
The nuclides being studied fall in a region which has in 
the past been described with fair success by the well-known 
shell model, originally developed by Mayer and Jensen (1). 
The nuclear levels of the shell model for up to 82 nucléons 
are shown (approximately) in Figure 28, with identical level 
spacing for protons and neutrons. 
The shell model predicts the nuclear ground states of 
9 7 9 7 9 7 
Zr , Nb ^ and Mo' to have spins and parities 7/2+, 9/2+, 
and 5/2+, respectively. The respective measured quantities 
are 1/2+ (46), 9/2+ (44), and 5/2+ (49); the model is 
97 97 
successful in predictions for Nb" and Mo . In addition, 
97 the isomeric state in Nb (indeed, the isomeric states (26) 
in as well) can be easily visualized as the 
elevation of a 2p^y2 proton into the orbit. 
It is well known, however, that nucléons in unfilled 
shells depart significantly from the assumptions of single-
particle shell model theory and interact with each other in 
addition to their interactions with the closed-shell core. 
The nuclear eigenstates of this residual interaction are 
mixtures of shell-model configurations; therefore, con­
figuration mixing must be used in realistic theoretical calcu­
lations. 
It is interesting to compare the experimentally observed 
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Figure 28. Approximate shell-model levels, with equal 
spacing for protons and neutrons (1) 
levels witli those calculator; theoretically by Vervier (5%), 
though a detailed analysis is limited because few experi­
mental spin assignments are certain, and because not all 
levels which may exist are populated by beta decay or nuclear 
reactions. 
Using an effective residual proton-proton interaction in 
the ggy2 orbit adjusted to account for neutron configuration 
9 7 
mixing, Vervier (58) calculated a level scheme for Mo' 
bearing suggestive similarities to the present observations, 
though most experimental levels are too uncertain for com­
parison. The experimental assignment most likely to be 
correct is the (7/2+) of the 658-keV level, and this may be 
identified with the first 7/2+ level calculated by Vervier. 
9 7 Vervier calculated Nb levels assuming an unmixed 
dgy2 neutron configuration, but apparently took full account of 
2 ] 3 
the mixing of the proton configurations P{/2'^9/2 ^9/2* 
Even with the proton mixing, however, the calculations fail 
badly (as Vervier himself points out) in reproducing the 
separation of the 1/2- 743-keV state from the ground state. 
The calculations for the next few states, particularly the 
7/2+ state, compare favorably with the present experimental 
results. Vervier suggested that the 1/2- separation came out 
badly because of the influence of neutron orbits other than 
the 
There is recent experimental evidence that considerable 
configuration mixing does occur in neutron states in even 
92 
Mo nuclides (57), and in the ground state of Zr" (59). It 
is easy to hypothesize that such mixing also takes place 
97 97 in the odd-A nuclides Nb and Mo' . It would be of much 
97 97 interest to calculate the levels in Nb and Mo using 
mixed neutron configurations. 
Finally we suggest that the weak gamma rays seen in 
this investigation which could not be placed in the present 
decay scheme may reveal interesting details if they are 
studied in extensive coincidence measurements, and thus 
allow a more meaningful comparison with theory. 
B. Summary 
A detailed investigation of the decay schemes of 
97 97 17 h 7,r and 74 m Nb has confirmed most of the findings 
of Riivola and Graeffe (16) and of Graeffe and Riivola (17), 
and has increased the precision of gamma-ray and nuclear 
level energy values. 
97 In Zr decay, several very weak new gamma rays were 
tentatively assigned, but it was not possible to place them 
in the decay scheme. The principal disagreements between this 
work and that of Siivola and Graeffe (16) were the placement 
of a 1110.7 keV transition and the location of a level above 
the well established 2105.6-keV level. Riivola and Graeffe 
place the level at 2247-keV, while present work assigns it at 
97 
2119-keV. 
97 In Nb" decay, a previously unreported gamma ray at 
1629 keV was seen, and a new level was placed at this energy, 
de-exciting via this crossover and a "stopover", whose two 
gamma-ray energies had been tentatively assigned levels by 
Graeffe and Siivola (17). The gamma ray found by Graeffe 
and Siivola at 1291.7 keV is believed to come from an im-
41 
purity, probably Ar 
Experiments on Nb^^^ yielded a new value of 52.8 sec 
for its half-life, and set an upper limit of 0.4% on its beta 
97 
decay to the 658.0 keV state of Nb 
Internal conversion coefficients were remeasured for the 
743-keV transition of Nb^^^ and for the 65B-keV transition 
• M 97 in Mo 
New values of (1881+10) and (1296+10) keV were obtained 
97 97 for the beta decay end-point energies of Zr" and Nb' , 
respectively. 
An attempt was made to present complete and. logically 
97 
correct constructions of the entire decay schemes of Zr 
97 
and Nb , as far as the experimental evidence permits. 
Possible spin assignments are discussed in the light 
of nuclear reaction experiments, and experimental levels are 
compared with the theoretical calculations of Vervier (58). 
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VIII. APPENDIX A: COMPUTER ANALYSIS 
OF GAMMA-RAY SPECTRA 
It has become commonplace for users of semiconductor 
nuclear radiation detectors to apply a standard technique 
of curve-fittinq to the problem of extracting precise 
energy and intensity information from multichannel pulse-
height spectra. The spectra in question are character­
ized by a number of peaks superimposed on a somewhat smooth, 
though not completely featureless, background. The usual 
practice is to select those sections of the data which 
contain the various peaks, compute (or guess) approximate 
values for the mathematical parameters specifying the function 
to be fitted to the data (Most practical functions, often 
of a seraiempirical nature, are nonlinear in these parameters; 
the only known methods of solving the nonlinear equations 
which arise are iterative (see Appendix D), making initial 
estimates of the solutions essential.), transfer these data 
and estimates to a form suitable for input to a computer 
(normally punched cards), and run a curve-fitting program 
to get the answer. This is the basic procedure used, for 
example, by Helmer et £l. (60) in a fairly elaborate computer 
program described recently. 
Multichannel analyzers capable of producing spectra 
over 4000 channels long are not uncommon, and even longer 
] 06 
spectra may soon be encountered. To cope with the larae 
amount of data such devices can produce, computer analysis 
becomes mandatory. It is desirable to perform such analysis 
with as little effort on the experimenter's part as is 
feasible. 
In a recent paper, Mariscotti (23) has developed a 
method for automatic identification of peaks in the spectra 
of semiconductor detectors; in a related work (2 4) he 
describes a computer proqram implementing his method. 
During this work an extensive revision of Mariscotti's 
program was developed. 
The program accepts "raw" pulse-height analyzer (pha) 
data, searches them, and finds peaks in the presence of 
statistical fluctuations. Characteristic background 
features of gamma-ray spectra (Compton edges) are not found 
as peaks. When the peak search is completed, each peak in 
turn is fitted by least-squares with a Gaussian function 
2 
added to a background of the form a + b(x-xg) + c(x-XQ) , 
the quadratic term accomodating the fit to local curvatures 
in background. When all peaks have been fit (or at least 
attempted - in some cases the fitting procedure may fail) 
various kinds of information may be obtained, including a 
tabular summary, plotted graphs, and punched cards. 
Several other workers have been developing computer 
programs for this purpose, notably Barnes (61), Dooley (62), 
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Korthoven (63), and Gunnink (64). Most of these proqrams 
aim at a more or less complete activation analysis, 
including an energy calibration and a search of an isotope 
library to identify nuclides present. Such a scheme is 
suitable for use when many pulse-heiqht spectra taken under 
similar conditions must be analyzed. For less routine work, 
however, a "stripped down" version of an analysis program 
is more useful. 
Because two workers with slightly different needs 
are seldom satisfied- with the same computer program, 
the philosophy guiding this revision of Mariscotti's 
program was ease of use, adaptability, and simplicity. 
Mo data analysis options, such as background subtraction, 
were included, though such options may be added with little 
difficulty. 
The program is written in basic FORTRAN IV as a series 
of subroutines, each of which performs a fairly specific 
function. The logical block diagram is shown in figure 29. 
Lil)eral use was made of "comment" cards in the source deck 
to explain sections of code. 
Detailed instructions and comments, as well as a 
complete listing of the program, are given elsewhere (22). 
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Figure 29. Flow chart for garaina-ray analysis computer 
program 
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IX. APPENDIX R: INTERNAL CONVERSION 
COEFFICIENT SPECTROMETER 
This appendix describes the details of a vacuum chamber 
designed for use with Si(Li) and Ge(Li) detectors as a spectro­
meter for measuring internal conversion coefficients. The 
use of such an instrument is described in the main text of 
this dissertation and in a paper by Hollander (36). 
The chamber incorporated features suggested by several 
workers, chiefly D. Boneau, with supporting suggestions by 
R. Noll and the present writer. The actual mechanical design 
and drafting were done by R. Michaud of the Ames Laboratory 
Research Reactor Mechanical Engineering staff. The chamber 
was constructed by G. Burnside of the Ames Laboratory Fabri­
cation Shop. 
Line drawings of the chamber are shown in Figures 30 
(section A-A, top view), and 31 (section B-B, side view). 
It is basically a hollow aluminum cylinder [1], 8 in. 
inside diameter, 6 in. high, with its top and base sealed 
by 1/2 in. and 3/4 in. aluminum plates ([2] and [3]), 
respectively. Two "wells" ([4], [5]), fit into holes in 
the cylinder wall, allowing Ge(Li) or Nal detectors to be 
placed close to a source [6] at the geometrical center of 
the cylinder. When the chamber is not in operation, the 
wells may be removed, allowing (somewhat limited) access 
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to the chamber interior. 
The chamber was designed to be used, if desired, with 
an electromagnetic isotope separator used at the Ames 
Laboratory Research Reactor (65, 66). A port [7] was made in 
the chamber cylinder wall to mount the chamber to one of 
the exits of the beam switching raaanet of the isotope 
separator; the separator ion beam may enter this port and 
be deposited on a collector [6] at the center of the chamber. 
The support [R] for the collector is electrically isolated 
[9] to allow monitoring of beam current or application of a 
beam deceleration voltage. 
Mounted on the top plate and symmetrically placed 
at 45° with respect to the ion beam axis [10] are two 
brackets [11] for mounting Si(Li) detectors [12]. The 
brackets are made of copper (for heat conduction; and are 
attached to Teflon holders [13]. The holders are threaded, 
and are supported by threaded stainless steel rods [14] 
which pass through the holders and the chamber wall. 
When the rods are rotated, the threaded holders (and 
hence the brackets and detectors which are attached to 
them) move toward or away from the source at the center 
of the chamber. Thus the snurcn-to-detector distances 
may be individually varied with the chamber under vacuum, 
and with the detectors at cryogenic temperatures. A 
"chicken feeder" type of liquid nitrogen cryostat may 
• O-
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Figure 30. Top view of internal conversion coefficient 
spectrometer 
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Figure 31. Side view of internal conversion coefficient 
spectrometer 
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be mounted fl5] on the chamber's top plate; a cold finqer 
[16] extends into the chamber, and a flexible copper braid 
(not shown) is soldered between the cold finqer and each 
of the Si(Li) detector brackets, allowing continuous cooling 
of the detectors no matter what their position. (The 
braid was found to remain flexible at liauid nitrogen 
temperature.) 
An airlock [17} throuah the cylinder wall at ^^0° 
to the ion beam axis allows changing sources when the 
chamber is under vacuum and the Si(Li) detectors are 
cold. A second airlock [IB] through the chamber bottom 
allows various absorbers (only an absorber holder is 
shown [19]) to be inserted or removed from between the 
source and the Si(Li) detectors. A complete change of 
sources or absorbers may be accomplished in about five 
minutes. (The sources and absorbers may he withdrawn 
from their positions without removing them from the chamber, 
formally, absorbers are chosen with thickness suitable 
for stopping betas of a particular nuclide. Once inside 
the chamber, they are merely moved upward or downward 
about an inch, exposing or blocking betas from the source.) 
A port [20] in the cylinder wall allows vacuum pumping, 
and three holes (not shown) were made for vacuum electrical 
feedthroughs, two in the chamber top and one in the bottom. 
Standard laboratory RNC type vacuum feedthroughs were 
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drilled out and re-fitted with four-lead Kovar seals, 
making a total of 12 isolated electrical connections to 
the chamber interior. 
For the present measurements the chamber was not 
used in conjunction with isotope separator, and the spare 
port was sealed off. Only one Si(Li) detector was used 
inside the chamber. 
Since considerable improvement .in the performance 
of a preamplifier may be effected by coolinq its input field-
effect transistor (FET) and lowering the capacitance seen 
by the preamplifier input (67), it was decided to move the 
input staqe of a preamplifier from its case to the inside 
of the chamber. 
The input stage components of a Tennelec Instrument 
Co. TC-130 preamplifier were removed and remounted on a 
small epoxy circuit board. The board was attached to the 
rear of the copper bracket on which the detector was to be 
mounted. Measurements of the input capacitance of the 
resulting input circuit showed it was _< 5 pf without a 
detector attached. Modifications of the preamplifier were 
made following the work of Harris and Shuler (67), though 
the DC coupling and gate resistor removal described by them 
were not incorporated. 
The Ge(Li) detector used was mounted in a special 
cryostat with a long (about 6 in.) horizontal "snout". The 
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snout was narrower than the chamber well into which it was 
to fit, so an aluminum bushing was constructed to fit 
snugly around the snout and into the well. The Ge(Li) 
detector's position was thus reproducible to within a few 
thousandths of an inch. 
As might be expected, the considerable amount of aluminum 
surrounding the Ge(Li) detector (from the chamber itself, and, 
especially, the bushing) caused many gamma rays to Compton 
scatter into the detector, and a significant increase in the 
low energy background can be seen in spectra taken with the 
detector in position. 
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X. APPRNDIX C: COMPIJTKR ANALYSTS 
OF BETA-RAY SPECTRA 
The qoal of analysis of the beta spectra was to remove 
from the data the distorting influences produced by the 
measuring system (i.e., the Si(Li) detector), and to display 
the data in standard Fermi-Kurie plot form. 
If a Si(Li) detector-amplifier-pulse-height analyzer 
(pha) system is used to measure the electrons from a source 
which emits only mono-energetic particles, the resulting 
spectrum displayed by the pha will not, in general, be 
simply a "spike" in the channel corresponding to the 
energy of the electrons. What will appear instead is 
the so-called resolution or response function - by definition, 
the response of the system to monoenergetic radiation. This 
line shape, as it is also called, may be thought of as a 
function of energy whose parameters depend on the energy 
of the incident radiation. If this function is defined as 
R(E,E'), where E' is the energy of the monoenergetic 
electrons, then the response of the system, n(E) (the measured 
spectrum), to an incident (i.e., "true") spectrum N(E) will 
be given by. 
A. The Nature of the Corrections 
n(E) 
0 
( 4 )  
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The discrete character of the pha data changes the 
continuous energy variable of Equation 4 to a discrete 
channel index, and the integral is replaced by a sun: 
n(E. ) = E R(E. ,EnN(EM (5) 
j ^ J J 
or 
n. = Z R. .N. (6) 
1 j 1] ] 
Of course, the closer R(E,E') approaches a spike, or 
delta function (R=5(E-E')), the less necessary it becomes 
to make corrections to the observed spectrum. 
Ideally, one should separately measure the function R 
and the unknown n(E). If R is "close to a delta functicn" , 
one may tnke N(E) = n.(E) . "Close to a delta function" means 
that the instrumental resolution is considerably narrower 
than the features of the spectrum to be observed. (For 
example, when using Ge(Li) detectors to measure gamma rays, 
the presence of the Compton di stri.bution makes the response 
function far from a delta function. Since one is usually 
interested only in the narrow energy regions near photo-
peaks, however, these lower energy distributions are ignored. 
R is still not quite a delta function, but this is of 
consequence only when the detector's resolution is not high 
enough to separate closely spaced gamma rays.) When a 
spectrum is ton complex to take N(E) = n(E), Equation 4 must 
lis 
he solved cor ;!(::) ; such a process is ci] led "unfnldinq" 
the line shape R from the observed spectrum. 
Unfolding conplex spectra is a well-known technique in 
the analysis of qamma-ray spectra taken with (moderate 
resolution) NaT detectors. In an unrefined form it is 
known as "peelinq" - systematically subtracting from a 
complex composite spectrum the response function of the 
highest energy gamma ray present, then the next-highest 
energy gamma ray, and so on. The response functions are 
usually interpolated from known functions of standard 
calibration sources. A more sophisticated technique 
has been described by Nelson and Hatch (39); they measured 
the response function for each gamma ray present in a source 
(with a monochromator) and used Equation 6 to determine 
the gamma-ray relative intensities. In this case there 
are only as many non-zero NU(R) as there are aamma rays. 
Because there are more equations than unknown M^'s (the number 
of channels in the spectrum is always greater than the number 
of gamma rays), the system is overdetermined and the least-
squares solution is adopted (see Appendix D). 
In a beta spectrum - due to the continuous nature of 
beta spectra - there are exactly as many independent as 
there are channels in the spectrum, so a unique solution 
should exist. Statistical fluctuations in the data may make 
it advisable to smooth the data beforô solving the oroblem. 
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B. Solving the Problem 
Success in unfolding the Si(Li) line shape from a 
continuous beta distribution depends, of course, on knowina 
what the line shape is, and knowing it as a function of 
incident, electron energy. There is no reason to suppose 
all Si(Li) detectors have identical response functions 
(though they will have the same general appearance, of 
course), so empirical determinations must be made. This 
could be done by merely taking spectra of sources with 
reasonably intense internal conversion lines and no 
continuous beta background. The problem is that nature 
does not provide many such sources, even at low energy 
where internal conversion is more appreciable. Above 1 
MeV, the situation is critical. 
The main features of the response function are a nearly 
Gaussian shaped peak, and a fairly flat "tail" of small 
amplitude, extending to zero energy. The Gaussian region of 
the function presents few problems; the results of the un­
folding procedure depend very weakly on the energy-dependent 
parameters defining the width of the peak because the peak 
is so narrow. The low, flat tail is another matter. The 
tail distributions from the responses of high energy energy 
electrons all contribute to the spectrum at lower energies, 
so "raw" spectra appear to have an excess of low-energy 
electrons. In unfolding the line shape, the height of the 
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tail relative to that of the peak (or the relative areas 
of thèse components) must be known, and the uncertainties 
in the energy dependence of this quantity and in departures 
from "flatness" of the tail make precise investigations 
of the shapes of beta spectra extremely difficult with Si(Li) 
detectors. (Some workers (68, 69) have used two silicon 
detectors facing each other in close proximity to obtain 4% 
geometry around the source. By summing pulses from the 
detectors, the tails - which arise from the electrons 
backscattering out of the detectors - are eliminated and 
good spectral shape measurements can be made (70).) 
The analytic form of the response function used in this 
investigation was suggested by Wohn (71); the function was 
divided into three sections: the upper side of a Gaussian, 
the lower side of a Gaussian, and the flat tail region. 
The upper section was calculated as: 
R(E,E') = A exp[- ^(E-E')^/a^] R > R' . (7) 
E ' is the incident electron energy, and R ( E, E ' ) i.s the 
response at energy E. The Gaussian's lower side had the 
constant tail added to it: 
R(E,E")' = A{[exp(- ^(E-E ' ) "/a^') ] [1-T]+T} 
E'>E>E'-6E. (B) 
Below E=]'l ' - ÔE, P. was a decaying exponential (matched in 
amplitude and slope at E=E'-6E) and the flat tail: 
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= A{[p.xp(- y A5{_2(E-n')-d3})][l-T]+?} 
a ' 
T'XE'-6E . (9) 
The amplitude of the tail, T, was adjusted such that 
the area of the tail was very close to a constant fraction 
oF the area of the Gaussian for all energies E'. The 
normal 3.zinq factor A was chosen for each F, ' so that the 
total area of each response function was unity; that is, 
^ R(E. ,E'. ) =1 . (10) 
i ^ ^ 
The widths of the Gaussians were specified by a a which in­
creased (linearly) slightly with energy. The quantity 6E 
was fixed at 6E=0.4a. 
Two response functions are shown in Figure 32. The 
energy per channel for the figure is the same as that with 
which the beta spectra were taken. The computer drew straight 
lines from channel to channel. The backscatter tails were 
made hirrh (tail areas = sn% of Gaussian areas) for visibility. 
Using this response function, the response matrix can 
be calculated and one can proceed to solve Equation 6. If 
there are k channels in the spectrum, the solution is found 
by inverting a k by k matrix. Practically, this is not so 
simple, since k is rarely less than 100. Numerical analysis 
considerations make straightforward inversion an inaccurate 
procedure; a more realistic approach is an iterative solu­
tion (69) . 
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A FORTRAN computer program to solve this problem was 
written by F. Wohn of this laboratory (71); some revisions 
were made in it by the present writer. The program computes 
the response matrix using the function defined in Equations 7, 
8, and 9, and stores the matrix (which in the present work was 
of order 2S6) on a high-speed magnetic disk. It then computes 
n^'^'^(E) from a trial "true" spectrum N(E) using Equation 6 
(normally the experimental n(E) is used for N(E)=N^^^(E) on the 
first iteration). The trial "true" spectrum is then modified 
by adding to it the difference between the experimental n(E) 
and n/^^fE): N^^^(E) =n^"^(E) + (n (E)-n ^ (E) ) . The procedure 
is repeated m times until n^'^' (E) is not significantly dif­
ferent from n(E). When this condition is reached (usually 
after 10 - 30 iterations) a Fermi-Kurie plot is made of 
the "true" spectrum. 
C. Results 
It became clear after preliminary analyses of the data 
(using the computer program) that the poor knowledge of the 
resolution and backscatter properties of the Si(Li) detector 
being used would make it virtually impossible to get any sig­
nificant shape information from the beta spectra taken. In 
fact, it was not possible to get a really straight Fermi-
Kurie plot. 
However, the upper portions of such plots were fairly 
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straight, and could be used to determine end-point energies 
of the two major beta groups with some accuracy. The area 
of the backscatter tail part of the response function (rela­
tive to the area of the Gaussian part) could be varied 
easily on the computer. It was found that different 
relative backscatter tail areas had very little effect 
on the end-point energy of a beta group, which was found 
"manually" from the intersections of the extrapolated 
Fermi-Kurie plots and the extrapolated detector backgrounds. 
Variations in the areas used in the tails had a substantial 
effect, however, on the shape of the "true" spectrum 
calculated from Equation 6. As would be expected, increasing 
the amount of tail area moved the centroid of the "true" 
distribution toward higher energies. 
As was mentioned in the main text, a pulse generator 
provided energy calibration. The procedure for finding beta 
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end-points was tested on the spectrum of P Figure 33 shows 
the original 102 4 channel data after it was "compressed" by 
3 
adding groups of four channels together (n| = T. n^^_j). The 
j=0 
smooth curve is the result of two nine-point smoothing 
operations (35) , and represents the data used in the computer 
analysis program. The analysis was performed three times, 
using backscatter tail areas 0%, 40%, and 80% of the Gaussian 
areas. The resulting three "true" spectra appear in Figure 34. 
The three Fermi-Kurie plots are shown in Figure 35? the end-
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Figure 35. Fermi-Kurie plots of unfolded P' spectra 
point regions have been expanded for clarity. 
3? The end-point energy of P ' found from these plots was 
EQ = (1701+10) keV 
in quite good agreement with most values listed in the 
compilation of Daniel (43). 
The same series of three arnphs (compressed and smoothed 
data, corrected data, Fermi-Kurie plot) are shown in Figures 
97 i") 7 9 7 
36 throuah 41 for chemically separated Nh' ' and for Zr' -Nb 
in equilibrium. In both cases three different backscatter 
3? tail fractions were tried as was done for P The "bumps" 
in the spectra are, of course, the internal conversion 
lines of the 658- and 743-keV transitions. 
97 97 97 Graphical extrapolations on the Nb" and Zr -Nb' Fermi^ 
3? Kurie plots (in procedures identical to those used for P ') 
yielded the following beta decay end-point energies: 
%o(Nb97) = (1296+10) keV 
E^(Zr^^) = (1883+10) keV 
A question may arise as to whether the "background" at 
97 97 97 high energies in the Fermi-Kurie plots of Nb" and Zr -Nb 
is not background at all, but "real" betas arising from the 
97 97 decay of Nb' to the ground state of Mo and/or the decay of 
97 97 Zr' to the ground state of Nb . To answer this question 
we note that the effect is also present in the Fermi-Kurie 
32 plot of P which is known to decay wi.th only one beta branch. 
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' Figure 40. Results of unfolding response functions from 7.r -Nb 
spectrum 
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The beta branches referred to may actually exist, but they 
were too weak to detect in this experiment. 
The error limits quoted are approximate standard 
deviations, and were found by measuring the possible limits 
of error in the graphical extrapolation procedure. 
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XI. APPENDIX D: nidRllSSION ON THE 
LEAST-SnUARES PRORLEM 
During this investigation considerable use was made 
of a large digital computer to estimate physical quantities 
by fitting curves to experimental data by the method of 
least-squares. Gamma-ray energies and relative intensities , 
for example, were found in this manner. This appendix 
discusses the basic theory of curve-fitting by least-
squares, with reference to the use of larqe-scale computers. 
If one performs two experiments in which a dependent 
variable, y, is observed for two different values of an 
independent variable x, and if one assumes (on the basis 
oE physical intuition or experience, for instance) that a 
linear (say) relationship exists between x and y, then the 
two experiments have established the constants in the 
relationship according to 
y2 = a^Xg+ag , (11) 
a linear system in the a's. 
It is clear that knowledge of the relationship cannot 
decrease if another experiment is performed with a third 
value for x. However, because one's instruments are not 
perfect the measured y^ will not be in harmony with the 
a.^ and found from y^^ and . That is, the new system of 
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3 equations in 2 unknowns is overdetermined or inconsistent. 
More qenerally, one may perform n experiments to determine 
p parameters (a^, j=l,p) in a relationship not necessarily 
linear in the a^. (We assume for simplicity only one 
variable (x) is independent. The following may be extended 
to functions of several variables.) The resulting over-
determined system may then be written 
y i - F ( X i ; { U j } ) = n  
(12) 
In general, when the y are experimentally determined, no 
solution exists. For any given set of n_. we will have 
: : : (i3) 
yn-F ( X n ; { c , . ) )  =  ,  
where the residuals r^ are real (for real F) numbers. The set 
of a. which is souaht is that which makes the r. "small". 
Quantitatively, "smallness" of the r^ is achieved to various 
degrees by the "least q-th approximation". One seeks the set 
of a's which minimizes the following function: 
= { X  w. [y .-P(x . ;  { a  .  } )  ]  ^ }q 
i=l J 
n -
= [ ^ w.r.(3]n , (14) 
i=l ^ ^ 
the w^ being appropriate statistical weights. 
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Tn practice two values oF q arc of importance: 
q=2 and q=<». 
The value q=«> is the Chebyscheff criterion on the r^^. 
For any general set of the correspondinq set of r^ will 
have at least one element whose absolute value is greater 
than the others. The Chebyscheff criterion chooses as 
best that set of a. whose maximum r. is smallest. (Raisina ] — 1 
the r^ to hiqh powers makes all terms negligible compared 
to the largest r) Numerical methods exist (7?.) for the 
solution of this "minimax" problem. 
It was first shown by Gauss (73, 7 4) that when the 
individual y^ have normal (.i.e., "Gaussian") distributions 
about their means, the "most probable" set of cy (for the 
particular data being used) is that corresponding to q=2. 
Thi.s is the well-known least-squares problem, and v/e 
confine our attention to it. 
Analytically, the desired set of may be found as 
( 2 )  follows; a necessary condition that H have a minimum at 
al is that 
Sufficiency is established by conditions on the second 
derivatives with respect to the . 
Substitution of Equat.i on 14 into Equation 1.5 leads to 
the following system of equations, in general nonlinear, for 
1.39 
the parameters a • : 
n 
w. (| ) [P(x . ; {re . })-y. ] = 0 k=l, p . (16) 
^ i  dot J ^ 
These equations, derived by Gauss (73) , are called the normal 
equations of the problem. 
Practically speaking, it is not obvious that this approach 
is feasible. The problem is to be posed for solution on a high­
speed digital computer. Only in the special case where the 
unknown parameters appear in F linearly is there a "closed 
form" solution obtainable by direct computation. (In the 
linear least-squares case, the normal equations become a 
linear system, solvable by straightforward matrix inversion.) 
Other ways of attacking the problem exist, and it remains 
for a detailed analysis or empirical study to ascertain 
which is most effective. We list briefly some alternatives. 
It is convenient for our purpose to divide the methods 
into two general areas. The first area follows the develop­
ment we have outlined above and concentrates on the solu­
tion of the system of normal equations. The second area 
can perhaps best be described by the term "direct search" 
( 2 )  
methods. In this case the function R to be minimized 
is not differentiated. Instead, various values are chosen 
for the set of parameters ra^, and for each set the function 
is computed. The "parameter space" - the region of 
allowable values of the parameters - is searched (in a 
systematic way) for that set of parameters which produces the 
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( 2 )  
smallest value of R . 
The direct search methods are by no means confined to 
the least-squares problem; they are used in a variety of 
applications requiring function minimization, particularly 
where the function to be minimized has derivatives which 
are difficult or impossible to evaluate analytically. A 
readable introduction to the various techniques is the 
book by Wilde (75). As evidenced by periodic publication 
in the literature of new methods and improvements, direct 
search methods are a field of active research in numerical 
analysis. 
We return now to the first area and look for solutions 
to the normal equations. Unfortunately, no general method 
exists for solving a nonlinear system, and an iterative 
approach must be used. 
One method of solution uses the direct search techniques 
just described. The normal system can be written in the form 
Gj^({Xi} , {yi} , {aj }) = 0 k=l, p . (17) 
P 2 
Consider the function H = EG,. The function H has an 
k=l ^  
absolute minimum of zero when all G^ are zero, that is, when 
the a. are a solution to the normal system. Hence minimizing ] 
H with respect to the parameters a^ solves the normal equa­
tions, and a direct search can be used to minimize !I. 
The method most commonly used in this nuclear physics 
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application, however, is the Newton-Raphson method. The method 
is most familiar, perhaps, when used on one-dimensional 
problems to find a root of the equation f(x)=0. A first 
approximation to the root is available, and it is desired 
to refine the estimate. Since the difference between the 
estimate and the first refinement x^^^ is presumably 
small, we expand f(x) about ; 
f(x) = f) + f(x(°)).). (IR) 
We now use this linear approximation of f to find a root: 
f(x) = 0 
f  ( X ^ ^  )  +  f  '  ( x ^ •  ( x - x ^ )  = 0  ( 1 9 )  
Depending on the accuracy demanded and the speed of con­
vergence, the process may be repeated several times, using 
the result of the previous iteration as a new trial esti­
mate. As a criterion for stopping one can require that 
( (x /% ) -]_) be less than 10 ^ to 10 ^, as required by 
the application. 
In more than one dimension (i.e., for more than one 
parameter) the linear approximation bocomes 
G j ^ ( { a j } )  = - ' G ^ ( { a f  ^ } )  +  ) .  ( 0 )  
ram' ta_; } 
k = 1, p . (20) 
The problem is thus reduced to a linear one, which is easily 
solved on a computer. As before, iteration is continued until 
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3onc; convercrence criterion is satisfied. 
In applying the Newton-Raphson method to the solution of 
the least-squares normal system we note that a first-order 
approximation to the derivatives of F with respect to the 
parameters a. involves a sum of terms including the second ] 
derivatives of F with respect the Normally, to make 
life less complex, only the zero-th order term in the ex­
pansion of the der.i vatives of F is kept, while a first 
order expansion of F itselF is made since its derivatives 
must ,be evaluated anyway. We thus recall 
n -sr, 
^ w. [F(x. ; {a . })-y. ] =0 k=l, p. (16) 
i k 
Substituting the first order expansion for F qives 
[{F(x. ; {a . 
( 0 )  °  P  '  ( a . - ' )  
or 
= ^ w^''[y|-F(x. ; {a. k=l, p, (22) 
^ X X X J a 
(  0 )  
a linear system in (a -a ), the corrections to the original 
m m 
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Most workers using this method also extract some 
statistical information which falls out of the solution; 
the inverse of the matrix of the linear system is 
(essentially) the covariance matrix for the parameters (7(5). 
(This is strictly true only for the linear least-squares 
problem; nuclear physicists assume it is approximately 
true for nonlinear problems.) 
One might also look at this procedure from another 
viewpoint. We can use the linear approximation for the 
function to be minimized before we differentiate to get 
the normal equations. The function to be minimized is 
then linear in the parameters, and the corresponding linear 
normal equations are precisely the same as those arising from 
using the (modified) Mewton-Raphson method on the exact 
nonlinear normal equations. The difference is in view­
point only. 
At least two modifications of tîie above procedure have 
been suggested to improve either the speed or probability 
of convergence. One, by L. Vykhandu (cited .in a handbook 
by Zaguskin (77)), is to replace the derivatives 
<I> KY (|Î - ^ F §/|§> . 
This result arises from attempting to improve the linear 
approximation used in the Newton-Raphson method to a quadratic 
one. The drawback is that second derivatives must be 
evaluated. 
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A second modification is that of Levenberq (78). In 
attempting to "damp" oscillations about the true solution, 
Levenberg minimizes not , but a new function, R^^^ 
plus a sum of the corrections to the initial approximation. 
The technique prevents diverqence of the iterative pro­
cedure in many cases, but also slows the convercrence 
process. 
Neither of these modifications is used in the automatic 
curve-fitting program described in Appendix A, but the 
use of double precision arithmetic, as described in 
reference 22, reduced convergence problems caused by 
round-off noise. 
